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Appendix D: Logarithms of Values Less than One 
A long, long time ago, in chapter 2, we 

were introduced to the idea that the log of 
numbers x > 1 was different from the log of 
numbers 0 < x < 1. (See the figure at right.) 
Our scientific calculators distinguish the two 
cases for us, but b.c. (before calculators) one 
had to use log tables one way for x > 1 and 
another way for 0 < x < 1. 

Lets do another experiment. The mantissa is 
the part of the logarithm that represents the 
significant digits of the logarithm while the 
characteristic represents the order of 
magnitude of the logarithm. 

x Log (x) expected 
Log (x) actual 

from calculator Since 1,000 < 2,197 < 10,000 
2,197 3.341830057 3.341830057 Then 3 < log 2,197 < 4 

219.7 2.341830057 2.341830057  2 < log 219.7 < 3 

21.97 1.341830057 1.341830057  1 < log 21.97 < 2 
2.197 0.341830057 0.341830057  0 < log 2.197 < 1 

******* ********* **********  
0.2197 –1.341830057 –0.658169943 What is going on here??? 

0.02197 –2.341830057 –1.658179943 The pattern of mantissas has changed. 
0.002197 –3.341830057 –2.658169943 Or has it??? 

Maybe the pattern that should have been anticipated is not the decrease of the characteristic combined 
with a constant mantissa as shown in the second column, but rather the fact that the argument of log (x) 
decreases by one order of magnitude in the argument. That pattern matches exactly the correct data shown 
in the third column. 

Let’s try again. log 4.59 (x > 1) = 0.661826855. 
 log 459 (x > 1) = 2.661826855. 
 but log (0.00459) (0 < x < 1) ≠ –3.661826855. 
 log (0.00459) (0 < x < 1) = log (4.59) – 3 
  = 0.661826855 – 3 = –2.338187314 

This is the way that you would have had to work with log x values (0 < x < 1) when you were working 
with log tables. 

Calculator check: log (0.00459) = –2.338187314 check! 

Thank you calculator engineers for taking care of this for us so that we do not have to worry about these 
special case situations—log x for (0 < x < 1)—any more!!! 
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Appendix 2.71818 : Euler’s Equation, An Introduction 
     It has been previously noted (without proof) that 
 

 
 
 
It is not appropriate to the level of this text to discuss where this magic expression comes from. 
 
A very famous mathematician, Brook Taylor (circa 1712), is given credit for finding a way to 
approximate any function  to any degree of accuracy by adding up a series of smaller functions.    The 
technique to do this is appropriately called Taylor series.  To understand how Mr. Taylor did his magic 
you would need to take a Calculus class.    That is clearly not possible in the space here.    By   Mr. 
Taylor’s work the following,  more general formula,  can be proved. 
 
 
 
 
 
 
 
Also by Mr. Taylor’s work 

...
!8!6!4!2!0

)cos(
86420

++−+−= xxxxx
x  

and  

...
!7!5!3!1

)sin(
7531

+−+−= xxxx
x  

 
Putting these three equations together yields a remarkable result called “Euler’s Equation”  
 
 
 
 
and will be shown on the next  2 pages. 
 
Step 1:  Rearranging terms from ex shown above  (Can you anticipate the cos(x) and sin(x) ? ) 
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Step 2: Arbitrarily substitute x = Π i    (don’t ask questions at this stage) 

 
 

 
 
 
 
 
 
 
 

     Step3:   Now from Algebra we know that (ab)m   = ambm Hence the equation above can be written as: 

 

 

 

      

 

 

 

 

 

 

 

      Step 4a:  Apply Algebra rules  i0  =  1,   i1  =  i,   i2  =  -1,   i3  =  -i,  and   i4  =  1 to the first set of terms 

 
 
 
 
 
 

 
     Step 4b:  and factoring out an “i”  from the second set of terms 
 
 
 
 



 Appendix D: Logarithms of Values Less than One 100 

 

0)1( +−=Π ie

)sin(*)cos( Π+Π=Π iie

)( ( )...
!7

7

!5

5

!3

3

!1

1
cos +

Π
−

Π
+

Π
−

Π
+Π=Π iie

)sin( Π

0*1 iie +−=Π

01 =+Π ie

 
Step 5:  Substituting cos(Π) into the first set of terms and again applying  Algebra rules 
 
  i0  =  1,   i1  =  i,   i2  =  -1,   i3  =  -i,  and   i4  =  1  to the second set of terms. 

 
 
 
 
 
 
 

 
 
              Step 6: 
 
              From trig we know that cos(Π) = -1   and sin(Π) = 0 
 

            Step 7:  
 

 
                      Step 8: 
 
                  

                 Step 9: 

 
  There you have it,   Euler’s equation… 

 
          e, Π, i, 1, and 0 all in the same equation!!! 

 
 

   Nerd heaven!! 
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The following discussion has nothing to do with logarithms 
or the number e but if you got this far you might be 
interested in the following bit of trivia…   
 
           ii is a real number 

 
   e 

Πi     =     -1 
 
   (e Πi )1/2     =     (-1)1/2 

 

   (e Πi )1/2     =     i 
 
   (e Πi/2 )     =     i 
 
   (e Πi/2 )i     =     ii  
 
   (e Πi*i/2 )     =     ii  

 
   (e -Π/2 )     =     ii  

 

    ii  is a real number! 
 
QED due to closure operations of real numbers 
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Appendix F : Exponents, Powers, Logarithms…What’s the Difference? 

     Many people use the terms exponents, powers, and logarithms interchangeably.   I have heard people 
read  “23 = 8”  as “2 to the 3rd power is 8” and then say in their next breath that “8 is a power of 2.”  Well, 
what is it?  Is 3 the power or is 8 the power?    Did they mean “8 is the 3rd power of 2”  but just not 
explicitedly state that?  As long as everyone in the room understands from context clues what is meant I 
guess it really does not matter what term is used.   However, when the terms exponents, powers, and 
logarithms are used quickly, interchangeably, and esoterically with students trying to learn new ideas and 
concepts then confusion can result.    
 
    I propose that the terms “exponents” and “powers” be used interchangeably whenever repeated 
multiplication is implied.   That is, when only two numbers are involved … a base and an 
exponent/power then the base is multiplied by itself the number of times indicated by the exponent/power. 
 
 
Another way to think of this rule is to apply the definition of exponentiation …. 
                                                                      m times 
 
Definition of exponentiation:   bm = b*b*b* …                 * b     (b times itself m times, m is an exp/power) 
 
Here there is a relation between two numbers being described. 
 
The term logarithm should be use whenever a relation among three numbers is indicated. 
 
             log 2  8  = 3      Here 3 is the logarithm of the number 8 when 2 is the base. 
 
You can see where confusion can arise.  In the equation  log 2  8  = 3  involving three numbers   
the “3” is clearly the logarithm.   
 
 But by the Equivalent Symbolism Rule,  by = x is equivalent to y = logb x   
 
    log 2 8  = 3 is equivalent to 23 = 8 transforming the “logarithm 3” into a power or “exponent of 3.” 
 
One can assist students by only using the term logarithm as part of a prepositional phrase.   That is, do not 
say “log” but say “log of a number” or, better yet, log, base b of a number.     
 
To review:   when talking to people who are not “in the know” and cannot interpret 
changing and imprecise vocabulary use the terms power/exponents when talking about 
the interaction and relation between two numbers (repeated multiplication shown in 
exponential form, 23 …3 is an exponent/power )  and use the term logarithm when 
talking about the interaction and relation among three numbers (logarithmic form. 
 log 2 8  = 3, 3 is a logarithm  here but  in 23  the symbol “3” is a power/exponent. ) 
 
 

 
 



 

 

Answers to Exercises 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Chapter 1 Answers Chapter 2 Answers 
(continued) 

1.) 100,000 < 285,962 < 1,000,000 
 105 < 285,962 < 106 
 105.something = 285,962 
 log 285,962 = 5.something 

2.) 0.0001 < 0.000368 < 0.001 
 10–4 < 0.000368 < 10–3 
 10–3.something = 0.000368  
 log (0.000368) = –3.something 

3.) a.) 10 < 56 < 100 
 101 < 101.something < 102 

 b.) 100 < 687 < 1,000 
  102 < 102.something < 103 
 c.) 10,000 < 43,921 < 100,000 
  104 < 104.something < 105 
 d.) 0.01 < 0.0219 < 0.1 
  10–2 < 10–1.something < 10–1 
 e.) 0.000001 < 0.0000038 < 0.00001 
  10–6 < 10–5.something < 10–5 
 f.) 0.00001 < 0.00007871 < 0.0001 
  10–5 < 10–4.something < 10–4 

4.) a.) 4,526 × 104,264 = 10(log 4,526 + log 104,264) 
   = 10(3.65571455 + 5.018134382) 

   = 108.673848932 
   = 471,898,864 
 b.) 0.061538 × 40,126.7 = 10(log 0.061538 + log 40,126.7) 
   = 10(–1.210856623 + 4.603433445) 
   = 10(3.392576823) 
   = 2,469.316865 
 c.) 0.015872 × 0.000000183218 = 10(log 0.015872 + log 0.000000183218) 
   = 10(–1.799368345 + –6.7370318621) 
   = 10(–8.536400207) 
   = 2.908036096 × 10–9 

5.) a.) x = log3 y f.) 8y = x 
 b.) x = log2 5 g.) 3y = x 
 c.) x = log7 y h) 7y = x 
 d.) q = logp y i.) 28 = x 
 e.) 3.2 = logw g j.) x9 = 11 

4.) r(s(x)) = s(r(x)) = x 
s(r(x)) = r(s(x)) = x 

5.) No, not iff. If f(x) = 3x and g(x) = 2x, then 
f(g(x)) = f(2x) = 6x and g(f(x)) = g(3x) = 6x 
f(g(x)) = g(f(x)), but the two graphs are not 
symmetric with the line y = x 

6.) Inverse Log Rules 
logb b

x = x and blogb x = x  

7.) iff Antilog Rule … p = q iff bp = bq 

8.) iff Log Rule. p = q iff log p = log q 

9.) Cannot be done 
for y = bx, b > 0 
for y = logb x, b > 0, b ≠ 1 

1.) a.) 

676

94283  = 10(log 676 – log 94283) 
   = 10(2.829946696 – 4.974433393) 
   = 10–2.144486697 

   = 0.0071699034 

 b.) 

0.000000676

94.283  = 10(log 0.000000676 – log 94.283) 

   = 10(–6.170053304 – 1.974433393) 
   = 10–8.144486697 

   = 7.169903376 × 10–9 

 c.) 

6.76

0.94283  = 10(log 6.76 – log 0.94283) 
   = 10(0.829946696 – (–0.025566607)

   = 100.855513303 

   = 7.169903376 
Since each numerator and denominator have 

the same significant digits then the significant 
digits of each quotient will be the same. Only the 

it d f h ti t ill b diff t

Chapter 3 Answers 

Chapter 2 Answers 

1.) y = 2x + 5  2.) x = 2y + 5 
      

x y   x y 
 –2 1   1 –2 
 –1 3   3 –1 
 0 5   5 0 
 1 7   7 1 
 2 9   9 2 

3.) The graphs y = 2x + 5 and x = 2y + 5 are symmetric with the 
line y = x. 

Chapter 4 Answers 

1.) 64 < 200 < 256 
 43 < 43.something < 44 
 log4 200 = 3.something 

2.) 10x = 14,290 
 x ≈ 4.something 
 log 10x = log 14,293 
 x = 4.155032229 

3.) 4,913 < 14,290 < 83,521 
 173 < 173.something < 174 
 log17 14290 = 3.something 



 

 

 
Chapter 4 Answers 

(continued) 
Chapter 5 Answers 

(continued) 

4.) 17x = 14,290 
 log10 17x = log10 14,290 
 log10 17x = 4.15503 ?? Now what?? 

5.) 17x = 14,290 
 log 17x = log 14,290 
 x log 17 = log 14,290 

 x = 

log14,290

log17  
 x ≈ 3.376842514 

6.) 173.376842514 = 14,290 

7.) 6215
 

 x = 621
1
5  

 log x = (1/5) log 621 
 x = 3.619247808 

8.) 6219
7

 
 x = 621

7
9  

 log x = log621
7

9

 
 x = (7/9)log 621 = 148.732055 

1.) a.) 25  =  52  < 52.7  <53  =  125 
 25 < 52.7 < 125 
 b.) 92 = 81, y ≈ 81 

2.)  52.7 = 77.129 
 8.642.13 = 98.804 

3.) a.) 42 = 16   < 32.7  <  64  =  43  
 Therefore 2 < x < 3 
 b.)     52    = 25 < 117  < 125  =  53  
 Therefore 2 < x < 3 

4.) a.) 32.7 = 4x 
 log 32.7 = log 4x 
 log 32.7 = x log 4 
 x = 2.515609365 
 b.) 117 = 5x 
 log 117 = x log 5 

 x = 

log117

log5  
 x = 2.958905030 

5.) a.) 9 < 10 < 27 
 32 = 9 33 = 27 
 2 < x < 3 

 b.) 16 < 62.73 < 81 
 24 = 16 34 = 81 
 2 < x < 3 

6.) a.) log 10 = log x2.6 
 1 = 2.6 log x 
 1/2.6 = log x 
 log x = 0.3846153846 
 10log x = 100.3846153846 
 x = 2.424462017 
 b.) log 62.73 = log x4.31 
 1.797475288 = 4.31 log x 
 log x = 0.4170476305 
 10log x = 100.4170476306 
 x = 2.612447855 

7.) a.) 54 = 625, 55 = 3,125, 74 = 2,401, x ≈ 4 
b.) 82 = 64, 83 = 512, 63 = 216, x ≈ 3 

8.) a.) 54.6 = 7x 
 log 54.6 = log 7x 
 3.21526202 = x log 7 
 x = 3.80460238 
 b.) 82.7 = 6x 
 log 82.7 = log 6x 
 2.438342965 = x log 6 
 x = 3.133507739 

9.) a.) 25 = 32  <  50  <  64  =  26  
 5 < y < 6 
 b.)33  =  27 <  28  < 81  =  34  
 3 < y < 4 

10.) a.) log2 50 = 

log50

log2  
  = 5.64385619 
 b.) 3y = 28 
 log 3y = log 28 

 y = 

log28

log 3  
 y = 3.033103256 

11.) a.) 26 = 64, x ≈ 64 
 b.) 95 = 59,049, x ≈ 59,049 

12.) a.) 26.1 = 68.5935016 
 b.) 95.1 = 73,559.16625 

13.) a.) 25 = 32, x ≈ 2 
 b.) 53 = 125, x ≈ 5 

14.) a.) x4.9 = 37.1 
 log x4.9 = log 37.1 
 4.9 log x = log 37.1 

 log x = 

log 37.1

4.9  
 10log x = 100.3202803897 
 x = 2.09064546 
 b.) x3.207 = 126.21 
 log x3.207 = log 126.21 
 3.207 log x = log 126.21 

 log x = 

log126.21

3.207  
 10log x = 100.6551586426 = 4.520210321 

Chapter 5 Answers 



 

 

 
Chapter 5 Answers 

(continued) 
2.) Pf = Po e

ry 
 1,500 = 900e10r 
 15/9 = e10r 
 ln (5/3) = 10r (ln e) 
 0.5108256238 = 10r 
 r = 0.05108256238 
 r = 5.1% 

3.) Pr = Po [(1 + r/k)
k]y 

 2,000 = 1,000[(1 + 20%/1)
1]y 

 2 = 1.20y 

 y = 

log2

log1.2  
 y = 3.801784017 yrs. 
 0.801784017 × 365 = 292 

On the 292nd day of the third year after the money 
was invested. 

4.) Pr = Po [(1 + r/k)
k]y 

 10,000 = Po [(1 + 5%/2)
2]20 

 10,000 = Po[(1.025)2]20 
 10,000 = Po × 2.6850638384 

 original principal = $3,724.31 

5.) Qf = Qi × 10–kt
 

 400 = 500 × 10–1,000k 
 4/5 = 10–1,000k 
 log 0.8 = log 10–1,000k 
 log 0.8 = –1,000k log 10 
 log 0.8 = –1,000k 
 k = 9.6910013 × 10–5 

6.) Qf = Qi × 10–kt
 

 Qf = 500 ×10−9.651001301×10−5×2,000  
                             Qf  = 500 × 0.64r 
 Qf = 320 

7.) If = Ii 10–kt 
 100,000 = 1,000,000 × 10–9.4k 
 0.10 = 10–9.4k 

 log 0.1 = –9.4k (log 10) 
 k = 0.1063829787 

8.) 1/2x = x 10–0.1063829787t 

 log 0.5 = log 10–0.1063829787t 
 t = 2.82968196 cm. 

9.) Db = 
10 log

powera

powerb  

 65 = 
10 log

x

10−12 W
ft2  

 6.5 = 
log

x

10−12 W
ft2  

 10left = 10right 

 3,162,277.66 = 

x

10−12
 

 x = 3,162,277.66 × 10–12 

 x = 0.00000316227766
W

ft 2  

15.) 0.2 = 

e
− x2

2

2π  

 0.2 2π  = e
− x2

2  
 ln 0.5013256549 = –1/2x

2 ln e 
 (not to worry, ln 0 < x < 1 will be negative) 
 –0.6904993792 = –1/2x

2 
 1.380998758 = x2 
 x = ±1.175159035 

16.) a.) T(t) = Tm + (Ti −Tm )e−kt

 
 60 = 20 + (90 – 20)e–3k 
 40 = 70e–3k 
 4/7 = e–3k 
 ln 0.5714285714 = ln e–3k 
 –0.559615788 = –3k ln e 
 –0.559615788 = –3k 
 k = 0.186538596 
 b.) 30 = 20 + (90 – 20)e–0.186538596t 
 10 = 70 e–0.186538596t 
 1/7 = e–0.186538596t 
 ln (1/7) = ln e–0.186538596t 
 ln (1/7) = –0.186538596t ln e 
 ln (1/7) = –0.186538596t 
 t = 10.43167575 min 

17.) r = eat 
 estimate 360° + 360° + 90° = 810° 
 Solve 4 = eat 
 4 = e0.1t 
 ln 4 = ln e0.1t 
 ln 4 = ln e0.1t 
 ln 4 = 0.1t ln e 

 t = 

ln 4

0.1  
 t = 13.86294361 radians = 794.288° 

18.) a.) pH = –log[H+] 
 pH = –log [9.2 × 10–12] 
 pH = 11.0362 
 b.) 4.2 = –log x 
 –4.2 = log x 
 10–4.2 = x 

x = 6 30957 × 10–5

Chapter 6 Answers 
(continued) 

1.) Pr = Po [(1 + r/k)
k]y 

 3x = x[(1 + 7%/12)
12]y 

 3 = [(1 + 7/1200)
12]y 

 3 = 1.072290081y 
 log 3 = log 1.072290081y 
 log 3 = y log 1.072290081 
 y = 15.74 yrs. 

Chapter 6 Answers 



 

 

 

Chapter 7 Answers 

Chapter 7 Answers 
(continued) 

10.) 12,024 m = 2
( y−2,007 )

2  376 m 

 31.9787234 = 2
( y−2,007 )

2  

 log 31.9787234 = 

y − 2,007

2
log 2

 

 4.999040442 = 

y − 2,007

2  
 9.998080884 = y – 2,007 
 y ≈ 2,017 

11.) 

1,050,000

200  = 5,250 pages 
 2x = 5,250 
 log 2x = log 5,250 
 x log 2 = log 5,250 

 x = 

log5,250

log2  
 x = 12.358 
 x = 13 bisections 

12.)      2 < dimension < 3 

13.) f = I × e–0.0001205473358t 
 0.80 x = x × e–0.0001205473358t 
 0.80 = e–0.0001205473358t 
 ln 0.80 = ln e–0.0001205473358t 
 ln 0.80 = –0.00012054733t ln e 
 t = 1,851.086 years ago 

14.) 2x = 64 
 x = 6 

15.) 2x = 8,192 
 log 2x = log 8,192 

 x = 

log8,192

log2  
 x = 13  (13th generation) 
 13 – 2 = 11 Gs 

16.) Vf = vie
− t

RC

 
 let RC = (120 Ω) × (35 µF) = 4.2 × 10–3 s 

 10% x = xe
− t

4.2×10−3 s  

 ln (0.10) = ln e
− t

4.2×10−3 s  

 ln (0.10) = − t
4.2×10−3 s ln e 

 –t = ln 0.10 × 4.2 × 10–3 s 
3

3.) area rec1 + area rec2 + area rec3 + area rec4 = 
 b1 × h1 + b2 × h2 + b3 × h3 + b4 × h4 = 
 1/2 × 1 + 1/2 × 2/3 + 1/2 × 1/2 + 0.21828 × 2/5 = 
 (1/2) + (1/3) + (1/4) + 0.087313 = 1.17

4.) area rec1 + area rec2 + area rec3 + area rec4 = 
 b1 × h1 + b2 × h2 + b3 × h3 + b4 × h4 = 
 1/2 × 2/3 + 1/2 × 1/2 + 1/2 × 2/5 + 0.21828 × 0.36788
 = 
 1/3 + 1/4 + 1/5 + 0.0803 = 0.86

5.) 1/2(1.170645 + 0.863634) = 1.01714 
As the number of rectangular partitions increases, 
the average of the sum of rectangles will get closer 
and closer to 1. 

6.) log 0.9 = –0.0457574906 
 log 0.99 = –0.0043648054 
 log 0.999 = –0.00043451177 
 log 0.9999 = –0.0000434316 
 log 0.99999 = –0.0000043429665 
 log 0.999999 = –0.0000004342947 
 etc. 
 log e = 0.4342944819 

 log
bn x n

 = logb x ????? 

arbitrarily let b = 2, x = 3, and n = 4. 

 log
24 34

 = log2 3 ????? 
 log 16 81 = log2 3 ???? 

 log 16 81 = 

log81

log16  = 1.584962501 

 log2 3 = 

log 3

log2  = 1.584962501 

Seems to be an identity. 

 log
bn x n

 = logb x 

Applying Equivalent Symbolism Rule 
 logb x = y is equivalent to 
 by = x 

 bn logb x

 = xn 

 ApplyingPower of a Power Rule 

 (bm)n = bmn 
 bn logb x

 = xn 

 b logb x n

 = xn 

Chapter 8 Answers 

Chapter 6 Answers 
(continued) 

1.) m = 4, 6, 7, 7.75, 7.875, … , 8. Instantaneous rate of 
speed will be the same value as the slope of the 
tangent line which is suggested by the approaching 
secant line slopes. 

2.) m =

y2 − y1

x2 − x1 , msec1 = 0.8610, msec2 = 1.1752, msec3 = 
1.7183, msec4 = 2.1391. The slopes of the secant 
lines approach the slope of the tangent at (1, e) = e. 



 

 

Chapter 9 Answers 

1.) a.) 23 = x, x = 8 
b.) 1/3

4 = x, x = 1/81 
c.) 4–1/2 = x, x = 1/2 
d.) x = Ø for logb x = y, b > 0, b ≠ 1 
e.) 3–4 = x, x = 1/81 

2.) a.) 4x = 16, x = 2 
b.) 1/2

x = 8, x = –3 
c.) x = Ø, 5x = 0, x = ?? 
d.) x = Ø, for logb x = y, b > 0, b ≠ 1 
e.) 3x = 1, x = 0 

3.) a.) x4 = 16, x = 2 
b.) x1 = 4, x = 4 
c.) x–4 = 16, x = 1/2 

d.) x3/4 = 64, x3/4 = 26, 
x

3
4( )4

3 = 26( )4
3

, x = 28, x = 256
e.) x2 = 0, x = Ø 

4.) All problems in 4 are best solved by Inverse Log 
Rules #1 and #2 
a.) 8 b.) 10 c.) –2 d.) 16 e.) 85 

5.) a.) 
3x = log2.68

log0.196 , x = –0.2016429845 

b.) 
x = log5,240

log242 , x = 1.560243021 

6.) a.) 3x = 79 

  x = 

log 79

log 3  
  x = 3.977242834 
 b.) x6 = 79 

  x 6
1

6

 = 79
1

6  
  x = 2.071434389 
 c.) 37.2 = x 
  x = 2,724.413565 

1.) Exponential functions have a horizontal asymptote—y = 0. Horizontal asymptotes are therefore not affected by a 
horizontal shift. Log functions have a vertical asymptote—x = 0. Vertical asymptotes are affected by a horizontal 
shift. 

2.) Graph y = –1/3log(1/2) (x + 4) + 2. There are several correct approaches. 

a.) Graph y = log (1/2) x. Use the change of base formula: 

log x

log 1
2 . This should look like y = logb x with 0 < b < 1 

b.) Graph y = log(1/2) (x + 4). This will cause a horizontal shift to the left for the graph in part a. 
c.) Graph y = log(1/2) (x + 4) + 2. This will cause a vertical shift up for the graph in part b. 
d.) Graph y = 1/3log(1/2) (x + 4) + 2. This will cause a flattening of the graph in part c. 
e.) Graph y = –1/3log(1/2) (x + 4) + 2. This will cause a reflection about the x-axis for the graph in part d. 

3.) y = –logb x 
a.) Graph y = logb x 
b.) Reflect the graph in part a about the x–axis. 

7.) a.) 4 – 4 = 0 

 b.) 4 log4 32

+ 3log3 42

= 9 + 16 = 25 

 c.) 6log6 36
1

2 × 9log9 812

= 6 × 6,561 = 39,366 
 d.) log 43 – log 82 = log 64/64 = 0 
 e.) 2 + 1/2 = 2.5 

8.) a.) ln 1 = 0 e.) log 1 = 0 
 b.) ln e = 1 f.) log 10 = 1 
 c.) ln ey = y g.) log 10y = y 
 d.) eln y = y h.) 10log y = y 

9.) 
log

16x2

y  = log 16 + 2 log x – log y 
  Or 2 log 4 + 2 log x – log y 

10.) log (10 + 20) = log 10 + log 20 ??? 
 log 30 = 1 + 1.3 ??? 
 1.48 ≠ 1.3 

11.) log 10/20 = 

log10

log20  ??? 
 log 0.5 = 1/1.3 ??? 
 negative ≠ positive 
(The actual values are not really important.) 

12.)  

1

2

 
 
 

 
 
 

x
3

 = 1/4 

 

1

2

 
 
 

 
 
 

x
3 

 
 
 

 

 
 
 

3

 = 1/4
3 

 1/2
x = 1/64 

 1/2
x = 1/2
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14.) log (3x – 1) = log(52x + 3) 
 log 3(x – 1) = log 5(2x + 3) 
 (x – 1) log 3 = (2x + 3) log 5 
 x log 3 – log 3 = 2x log 5 + 3log 5 
 x log 3 – 2x log 5 = log 3 + 3log 5 
 0.4771212547x – 2x 0.6989700043 = 2.574031268 
 –0.9208187540x = 2.574031268 
 x = –2.795372333 

15.) x = by is equivalent to y = logb x 

Chapter 10 Answers
(continued) 

13.) ln [(3x – 2)(x – 1)] = ln x2 
 3x2 – 5x + 2 = x2 
 2x2 – 5x + 2 = 0 
 (2x – 1) (x – 2) = 0 
 x = 1/2, x = 2 

Recall that for ln p = q, p > 0 (domain for log curves 
is positive). Hence, 3x – 2 > 0 and x – 1 > 0 individually. 
Therefore, reject x = 1/2. 



 

 

 
For over 350 years, from the early 1600s until the widespread 
availability of calculators in the 1970s, most of the mathematics 
done by scientists, engineers, and astronomers was assisted by 
logarithms. The logarithmic technique was developed to aid in the 
drudgery of simplifying long and tedious arithmetic expressions. 
Logarithms worked by reducing arithmetic expressions of one level 
of difficulty to a lesser level of difficulty. Scientific calculators have 
made much of the pre-1970 precalculus curriculum obsolete. But 
the use of calculators has also come with a price. The instruction of 
logarithms today is much, much more condensed and abstract than 
it used to be. As a result, many of today’s students do not achieve 
the same level of understanding and “internalization” of 
logarithmic concepts and ideas. Many of them do not understand 
the “magic” formulas they are taught and asked to manipulate. 

      The website The Math Forum, “Ask Dr. Math,” has the 
following request for help.                                                                                         
“I understand what logs are … but I don’t understand why they are 

what they are. Please help me.” 

This is a plea for help from a student who, at the time of his plea, was enrolled in a calculus class! 

Explaining Logarithms, A Progression of Ideas Illuminating an Important Mathematical 
Concept, does not advocate a return to the precalculator “good old days.” The author lived through 
them. They were not so good!! However, this book is written under the belief that a quick review of 
mathematics as it was practiced for hundreds of years would be helpful for many students in 
understanding logarithms as they are still used today. The student quoted above was not instructed 
in a way that he internalized what logarithms are all about. It is a “readiness issue” which this book 
attempts to remedy. 

                                                                          
                                                                                           The author, Dan Umbarger, has taught 
                                                                                      various levels of mathematics from grades 
                                                                                      5 to grade 12 for over 30 years.    
                                                                                       
                                                            
                                                                                     He is married and the proud  father of 
                                                                                     three children:  Jimmy, Terri, and Keelan. 
                                                                             
 

 

 

 N 0 1 2 3 4 5 6 7 8 9
10 0000 0043 0086 0128 0170 0212 0253 0294 0334 0374
11 0414 0453 0492 0531 0569 0607 0645 0682 0719 0755
12 0792 0828 0864 0899 0934 0969 1004 1038 1072 1106
13 1139 1173 1206 1239 1271 1303 1335 1367 1399 1430
14 1461 1492 1523 1553 1584 1614 1644 1673 1703 1732
15 1761 1790 1818 1847 1875 1903 1931 1959 1987 2014
16 2041 2068 2095 2122 2148 2175 2201 2227 2253 2279
17 2304 2330 2355 2380 2405 2430 2455 2480 2504 2529
18 2553 2577 2601 2625 2648 2672 2695 2718 2742 2765
19 2788 2810 2833 2856 2878 2900 2923 2945 2967 2989
20 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201
21 3222 3243 3263 3284 3304 3324 3345 3365 3385 3404
22 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598
23 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784
24 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962
25 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133
26 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298
27 4314 4330 4346 4362 4378 4393 4409 4425 4440 4456
28 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609
29 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757
30 4771 4786 4800 4814 4829 4843 4857 4871 4886 4900
31 4914 4928 4942 4955 4969 4983 4997 5011 5024 5038
32 5051 5065 5079 5092 5105 5119 5132 5145 5159 5172
33 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302
34 5315 5328 5340 5353 5366 5378 5391 5403 5416 5428
35 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551
36 5563 5575 5587 5599 5611 5623 5635 5647 5658 5670
37 5682 5694 5705 5717 5729 5740 5752 5763 5775 5786
38 5798 5809 5821 5832 5843 5855 5866 5877 5888 5899
39 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010
40 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117
41 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222
42 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325
43 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425
44 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522
45 6532 6542 6551 6561 6571 6580 6590 6599 6609 6618
46 6628 6637 6646 6656 6665 6675 6684 6693 6702 6712
47 6721 6730 6739 6749 6758 6767 6776 6785 6794 6803
48 6812 6821 6830 6839 6848 6857 6866 6875 6884 6893
49 6902 6911 6920 6928 6937 6946 6955 6964 6972 6981
50 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067
51 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152
52 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235
53 7243 7251 7259 7267 7275 7284 7292 7300 7308 7316
54 7324 7332 7340 7348 7356 7364 7372 7380 7388 7396


