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Dedication 
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Seasons by Robert Bolt. 
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Foreword 

Many, if not most or all, high school math and science teachers have had the experience of hearing a 

student exclaim something comparable to the following: ñ234 ³ 4,192 = 8,219 because the calculator said 

so.ò Clearly the magnitude of such a product should have at least 5 places past the leading digit, 200 ³ 

4,000 = 800,000 é 2 zeros + 3 zeros = 5 zeros, etc. Thatôs not ñrocket science.ò While only a savant can 

perform the exact calculation above in their heads most educated people can estimate simple expressions 

and ñsenseò when either bad data was entered into the calculator (GIGOðgarbage in, garbage out) or that 

the order of operation for an expression was incorrectly entered.  Similarly I have read of an experiment 

whereby calculators were wired to give answers to multiplication problems that were an order of 

magnitude off and then given to elementary students to see if they noticed the errors. They didnôt. 

What is happening here? Many people would say that the culprit is the lack of number sense in our 

young people. They say that four-function calculators are given to students too early in the grade school 

before number sense is developed. There is a school of thought that abstraction, a component of number 

sense, must be developed in stages from concrete, to pictorial, to purely abstract. Learning that 5 + 2 = 7 

needs to start with combining 5 coins (popsicle sticks, poker chips, etc.) with 2 coins resulting in 7 coins. 

From that experience, the student can proceed to learn that the photographic/pictorial images of 5 coins 

(popsicle sticks, poker chips, etc.) combined with the photographic/pictorial images of 2 coins results in 7 

coin images. Similarly, 5 tally marks combined with 2 tally marks results in 7 marks. Finally, one 

internalizes the abstraction 5 + 2 = 7 é concrete, pictorial, abstraction é concrete, pictorial, abstraction. 

Giving calculators too early in an attempt to shortcut the learning progression robs the student of the 

chance to learn or internalize number sense. The result of not being required to develop number sense and 

not memorizing the basic number facts at the elementary school level manifests itself daily in upper 

school math and science classrooms. There are people responsible who should know better. An ñexpertò 

for math curriculum for a local school district attaches the following words of wisdom to every email 

message she sends: ñLife is too short for long division!!ò é but I wonôt even go there. 

Calculators make good students better but they do not compensate for a lack of number sense 

and knowing the basic number facts from memory. They do not make a poor math student into a 

good one! 

The introduction of the handheld ñtrigò calculator (four operations combined with all the trig and log 

and exp functions) into the math curriculum has had similar impact on the studentôs ability to learn 

concepts associated with logarithms. Thank the engineers at HP and TI for that! Life is too short to spend 

on log tables, using them to find logs and antilogs (inverse logs), and interpolating to extend your log 

table decimal value from four positions out to five! Yuck! However, by completely eliminating the 

traditional study of logarithms, we have deprived our students of the evolution of ideas and concepts that 

leads to deeper understanding of many concepts associated with logarithms. As a result, teachers now 

could hear 

 ñ(5.2)
y
 = 30.47, y = 6.32 because the calculator says so,ò (5

2
 = 25 for goodness sakes!!) 

 or ñy = log4.8 (714.6), y = 22.9 because the calculator says so.ò (5
4
 = 625,   5

5
 = 3125!!)  
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Typically, todayôs students experience teachers incanting: ñThe log of a product is the sum of the 

logs.ò ñThe log of a quotient is the difference of the logs.ò The students see the rules 

 

 

 

 

 

 
 

with little development of ideas behind them or history of how they were used in conjunction with log 

tables (or slide rules which are mechanized log tables) to do almost all of the worldôs scientific and 

engineering calculations from the early 1600s until the wide-scale availability of scientific calculators in 

the 1970s. All three of these rules were actually taught in Algebra I, but in another format. Little effort is 

made in textbooks to make a connection between the Algebra I format (rules for exponents) and their 

logarithmic format. It is just assumed that the student sees and understands the connection. With the use 

of log tables and slide rules there was a daily, although subtle, reminder of the connection between these 

three rules and their parallel Algebra I ñRules of exponents.ò 

 

 

 

 

 

  

 

ñBlack-boxò calculator programming has obscured much of this connection. As a result, the progression 

of ideas associated with logarithms that existed for hundreds of years has been abbreviated. For really 

bright students, the curricular changes have not been a problem. For some students, however, the result 

has been confusion. 

Let me give you a specific example. The following quote is taken verbatim from 

http://mathforum.org/library/drmath/view/55522.html (website viable June., 2010) 

The Math Forum, ñAsk Dr. Math.ò ñI have a bunch of rules for logs, properties and suchlike, but I find it 

hard to remember them without a proof. My precalculus book has no proof of why logs work or even what 

they are, nor does my calculus book. I understand what logs are é but I donôt understand why they are 

what they are. Please help me.ò 

 This plea for help is from a calculus student who (presumably) has credit on their transcript for mastery 

of precalculus!! Yet, clearly he or she does not even know enough about logarithms to articulate a 

question regarding what they would like to know. 

My all time favorite magic log formulas are : 

 

 
 

 

 

 

1.)     

 

log(a³b)     

 

=loga+logb or 

2.) 

    

 

log
a

b

å 

ç 
æ 
õ 

÷ 
ö      

 

=loga-logb or 

3.)     

 

logbm     

 

=mlogb 

     1.) xbx

b =log  

and 2.)     

 

b
log

b
x
=x 

 

 

              Algebra 1 Rule                                 Associated Log Rule 

                 b
m

  * b
n
  =  b

m + n
                          logb(m  * n) = logb m + logb n 

                b
m

  / b
n
  =  b

m - n
                             logb(m  / n) = logb m - logb n 

                (b
m

)
n
 = b

mn
                                     log b

m 
 =  m log b 
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Where did those two formulas come from? There is some pretty simple logic behind these mysterious 

identities but teachers are always in a hurry to get to the ñgood stuffò é applying the rules to solve 

exponential equations with variable exponents. They donôt have time or take the time to develop and 

explain these ñrulesò.  And most books are not helpful with their terse presentation of these ideas. These 

formulas are still vital even today. The calculator has not made them obsolete in the way that the four 

function calculator has rescued us from the tyranny of the log tables and all the drudgery associated with 

them. Without these formulas we cannot knowledgeably use our scientific calculators to solve equations 

of the form (5.2)
y
 = 30.47 or y = log4.8 (714.6). If the student does not understand the log rules, then he or 

she can still apply them and ñget answersò just like the teacher. But unlike the teacher, some students 

really do not understand what is happening. If they make a severe error in their work they do not have the 

number sense that will enable them to catch unreasonable answers and they will be baffled in a later math 

class when the topic comes up again.   Chapter 2 is totally dedicated to understanding these two later 

rules. 
 

All the formulas shown above just seem to appear in the math books like ñAthena jumping out of the 

head of Zeusò é deus ex machina!!! There is none of the development of ideas and evolution of thought 

that used to exist in the high school curriculum. The high school pre-calculus teacher may understand 

fully what is going on with these formulas and ideas and the class genius may also but Joe Shmick and 

Betty Shmoe do not! Many students are just sitting there working with abstractions that have not been 

developed and fully understood. Itôs all magic é magic formulas and magic transformations. They are 

building ñcognitive structuresò without proper foundations. 

When students do not fully understand mathematical ideas they tend to quickly forget all the 

tricks that got them past their unit test and that ñknowledgeò is not there when a later math teacher 

asks them to recall and apply it. Also they do not have the number sense to know when their 

answers are not reasonable. 

Mathemagic is the learning of tricks that help a student to pass their immediate unit test. Mathemagic 

is confusing and quickly forgotten. Mathemagic is rigid. All problems that a student can solve using 

mathemagic must be in the exact same format as the problems the teacher used when teaching the unit. 

Mathematics is the learning and understanding of ideas, theories, and rules that stay with you for years 

or even decades and allow you to attack and solve problems that are not in the exact same format as the 

problems the teacher solved when teaching the material. Mathematics is a disciplined, organized way of 

thinking. 

If a student fully understands the ideas behind working with logarithms, then correct answers, comfort 

with logarithmic situations, and multiyear retention will result. This is not an if-and-only-if relation. If a 

student can get correct answers on her/his immediate unit test that does not mean that s/he understood the 

concepts or that retention will occur so that the necessary recognition and skills will be there for the 

student should a future occasion (math, science, and business classes) require them. 

The omnipresence of scientific calculators today means that even most teachers have not experienced 

the joys J of working with log tables or working with a slide rule J. For the most part that is good. I 

would not wish my worst enemy to have to learn about logarithms the way I did, using log tables to find 

logs and anti-logs and interpolating to tweak out one more decimal value for both. There was also the 

special case situation of using a log table to determine the log of x where 0 < x < 1. All the preceding was 

a real a ñpain in the patootieò which we are spared today. The calculator allows us to concentrate on the 

application and not be distracted by the mechanics and minutia of the arithmetic! I do feel, however, that 

in the education world there is a need to develop the ideas and history associated with logarithms prior to 

expecting the students to work with them. Doing so will replace the mystery of the study of logarithms 

with a deep appreciation and understanding of log ideas and concepts that will stay with the student for an 

extended period of time. That is the motivation behind this material. 
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Note to Teachers 

This text is not written for you. With the exception of parts of chapters 5, 6, and 7 and Appendix A, I 

assume that you already understand all the ideas presented. This is a book written for students who do not 

understand logarithms even if they can apply the rules and get correct answers. However, it would 

greatly gratify me if a teacher were to tell me that he or she enjoyed my organization and presentation. 

I am a high school math teacher, not a mathematician. As such, I live and work in a world where 

sequence and progression of concepts leading to key ideas, along with pacing, ñanticipatory sets,ò 

evolution and organization of ideas, reinforcement, examples and counterexamples, patterns, visuals, 

repeated threading and spiraling of concepts, and, especially, repetition, repetition, and repetition are all 

more important than rigor. It has always seemed ironic that authors and teachers, so knowledgeable about 

mathematical sequences, could be so insensitive and clumsy about the sequencing of curriculum é how 

they could be so knowledgeable about continuity of functions but so discontinuous in their writing. 

There are plenty of materials available on teaching logarithms that are mathematically rigorous. I 

believe that ñrigor before readinessò is counter-productive for all but the most gifted students. As such, I 

present many, many examples to help the student to see patterns and only then do I present the abstraction 

which will allow for generalization to all cases. Induction is a powerful teaching tool.  Because of 

economy imposed by the publisher or perhaps because the material is so ñobviousò to the authors most 

textbooks present the abstraction (generalization) first with little attempt to develop the rationale behind it 

or to connect the material to previous material such as the Algebra I Laws of Exponents or the history of 

logarithms. Those texts then proceed hurriedly to applying the abstraction to specific situations. 

I believe that the best way to introduce a new idea is to somehow relate it to previous ideas the student 

has been using for some time. Using this approach, new concepts are an extension of previous ideas é a 

logical progression. Logarithms are a way to apply many of the laws of exponents taught in Algebra I. It 

is important that the students understand that!!  I also believe in introducing an idea in one chapter and 

revisiting that idea repeatedly in different ways throughout the book. 

The materials presented here are usually spread over two years of math instruction: precalculus and 

calculus. Doing so, however, separates ideas and examples that are helpful in the synthesis that leads to a 

deeper understanding of logarithms. For example, most high school text books seem to shy away from a 

meaningful discussion of why scientists and other professionals prefer to work with base e, the natural 

log, rather than the more intuitive common base, base 10. They do so because the pre-calculus student has 

not yet been exposed to the ideas that are necessary to justify the use of base e. If the goal is ñrigorò then 

indeed many ideas associated with e must be postponed until calculus. But if your goal is to create 

familiarity with logarithms and appreciation of the number e, I do not believe that all that rigor is 

required. I have tried to bring all those ideas down to the pre-calculus level. I hope that I have done so. 

My approach, however, has been done at the expense of rigor. If I get consigned to one of the levels of 

Danteôs Inferno because of my transgression it will be worth it if I am able to help young students past 

what, for me, was an unnecessarily difficult multiyear journey. When I did make an attempt at ñrigor,ò I 

chose the formal two column proof over the abbreviated paragraph proof. 

I see three different audiences for this text: 1.) students who have never worked with logarithms 

before, 2.) those students in calculus or science who did not manage to master logarithms during their 

algebra/pre-calculus instruction, and 3.) summer reading for students preparing for calculus.  The former 

students will need to receive instruction, but the second and third group of students, if sufficiently 

motivated, should be able to read these materials on their own with little or no help. There are questions at 

the end of each chapter to use to evaluate student understanding. Heavy emphasis is placed upon 

practicing estimation skills!!!
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Chapter 1: Logarithms Used to Calculate Products 

For hundreds of years scientists and mathematicians did their calculations using the standard approach 

currently taught in elementary school. 

 361 5 3 . 1 1 7 etc. 

  ³ 25 17 9 0 3 . 0 0 0 
 1 8 0 5  8 5 

 7 2 2     5 3 

                9 0 2 5     5 1 

        2  0 

        1  7 

          3 0 

          1 7 

          1 3 0 

          1 1 9 

           1 1 etc. 

Not only were all these calculations tedious and prone to error, but the time spent in doing those 

calculations took away from the tasks requiring those calculations é astronomy, navigation, etc. People 

were always looking for a way to aid in the calculation process. 

 

For now, define logarithms as a technique developed to aid in the drudgery of doing long and tedious 

calculations. In 1614, a Scottish mathematician, John Napier (1550ï1617), published his table of 

logarithms and revolutionized the calculation process. (Joost Burgi, a Swiss watchmaker who interacted 

and worked with the famous astronomer Johann Kepler, also seems to have independently discovered 

logarithms, but Napier was the first to publish and he is usually given credit for their discovery and 

development.) For reasons that are distracting to the flow of ideas in this book, we will instead focus on 

the approach to logarithms by English mathematician Henry Briggs (1561ï1630) who consulted with and 

was inspired by Mr. Napierôs insight and original ideas. 

 

The term logarithm is a portmanteau word é a word made of two smaller words. In this case, 

logarithm is made of two Greek words (logos, ratio and arithmos, number). In brief, a logarithm is 

nothing more than an exponent. In the equation 5
y
 = 10 the ñyò is a logarithm. 

 

 

 
For years, mathematicians had noticed a certain pattern held for sequences of exponentials with fixed 

bases. 
 

For example: 

Exponential  2
0 

2
1 

2
2 

2
3 

2
4
 2

5 
2

6 
2

7
 2

8
 2

9 
2

10
 

Exponent  0 1 2 3 4 5 6 7 8 9 10 

Value  1 2 4 8 16 32 64 128 256 512 1,024 

Notice that 8 ³ 32 = 256 

 2
3
 ³ 2

5
 = 256 

 or 2
3
 ³ 2

5
 = 2

8
 

Logarithms Used to Multiply 
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or 

Exponential  3
0 

3
1 

3
2 

3
3 

3
4
 3

5 
3

6 
3

7
 3

8
 

Exponent  0 1 2 3 4 5 6 7 8 

Value  1 3 9 27 81 243 729 2,187 6,561 

Notice that 9 ³ 243 = 2,187 

 3
2
 ³ 3

5
 = 2,187 

 or 3
2
 ³ 3

5
 = 3

7
 

From before 2
3
 ³ 2

5
 = 2

8
 

and now 3
2
 ³ 3

5
 = 3

7
 

By induction, we move from the specific to the general: 

 

 

Another way to think of this rule is to apply the definition of exponentiation é. 

                                                                      m times 

 

Definition of exponentiation:   b
m
 = b * b * b * é               * b     (b times itself m times) 

For example: b
4
 

 

³ b
3
 = 

     

 

(b³b³b³b) 

 

³     

 

(b³b³b) = (definition of exponentiation) 

   

 

b³b³b³b³b³b³b = (associative property of multiplication) 

  b
7
   (definition of exponentiation) 

By transitive       

 

b4³b3=b7 or     

 

bm³bn=b
(m+n)

 

When monomials with the same base are multiplied, one can obtain the result by adding the respective 

exponents. Napier (and later Briggs) saw from this pattern the possibility of converting a complicated, 

difficult multiplication problem into an easier, far less error-prone, addition problem. For example: 

 4,971.26 ³ 0.2459 = 

 10
m
 ³ 10

n
 = 10

(m + n)
 

 Where 3 < m < 4 and ï1 < n < 0 

 Because 10
4
 = 10,000 and 10

0
 = 1 

  10
m
 = 4,971.26 and 10

n
 = 0.2459 

  10
3
 = 1,000 and 10

ï1
 = 

1
/10 = 0.1 

This approach follows immediately from the pattern noted before 

     

 

bm³bn=b
(m+n)

 

 

Product of Common Base Factors Rule  (rule applies for all m & n) 

                   

 

bm³bn=b
(m+n) 

 

Product of Common Base Factor Rule 

Product of Common Base Factors Rule 
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Mr. Briggs devoted a great deal of the last 20 years of his life to identifying those values of y whereby 

10
y
 = x. In the equation 10

y
 = x, the exponent y came to be know as the logarithm of the number x using a 

base of 10,     

 

y=log10(x). Hence 10
y
 = x is equivalent to     

 

y=log10x. For example,   

 

10=10
(1/ 2)
=100.5 = 

3.162277. In English é ñ0.5 is the base 10 logarithm of 3.162277.ò 

 

 

 

Appendix A goes into detail about some of the ingenious techniques Mr. Briggs used to develop his 

logarithmic information. The curious reader is referred there because a discussion of those ideas here 

would distract from the more important goal of explaining how logarithms were used to convert tedious 

multiplication problems into simpler addition problems. 

Mr. Briggs organized his work into tables. Discussing that organization and adding the new 

vocabulary words (characteristic, mantissa, antilogarithm) necessary to use the table would also distract 

from the discussion at hand and is mostly omitted from this book. See Appendix A, pg. 1 for a hint. 

Suffice to say that in the table of logarithms that Mr. Briggs developed was information comparable to the 

following: 

Logarithm Exponent Form Number  

0 10
0
 1 (log10 0        =  1) 

0.08720 10
0.08720

 1.222 (log10 1.222 =  0.087) 

0.39076 10
0.39076

 2.459 (log10 2.459 =  0.39076) 

0.69644 10
0.69644

  4.971 (log10 4.971 =  0.69644) 

1 10
1
 10 (log10 10      =  1) 

Thus, the problem originally posed can be evaluated as follows: 

 4,971.26 ³                             0.2459                    = 

 4.97126 ³ 10
3
 ³ 2.459 ³ 10

(ï1)
 = (scientific notation) 

 10
0.69644

 ³ 10
3
 ³ 10

0.39076
 ³ 10

(ï1)
 = (exponent values taken from table) 

       10
3.08720

 = (    

 

b
m

b
n
b

o
b

p
=b

(m+n+o+p)
  ) 

     10
3
 ³ 10

0.08720
 = (see 10

0.08720
 in box above) 

     1,000 ³ 1.222 = 1,222 

By calculator 4,971.26 ³ 0.2459 = 1,222.432834 which compares very favorably with the answer 
obtained using Mr. Briggsô logarithm technique. Three additional thoughts here: 1.) Mr. Briggsô log table 

had as many as 13 decimal places (more than a TI-83 calculator), which would have made our work 

greatly more accurate had we used his raw data. 2.) Scientists and engineers are usually happy with 

ñcloseò answers as long as the answers are close enough for the work they are doing to succeed. The 

number 1.414213562 would make most engineers very happy, but for the mathematician only the 

 

2  

would be acceptable. 3.) There are complications involved in using a log table when finding the log of x 

when 0 < x < 1. Fortunately, the scientific calculator saves us from having to deal with those 

complications. See Appendix D if you are curious about this matter. 

10
y
 = x is equivalent to     

 

y=log10 x Equivalent Symbolism Rule 
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Notice the relationship between Briggsô logarithmic approach to multiplying numbers and the form of 

math called scientific notation. 

Multiply Avogadroôs number by the mass of an electron. (Itôs probably not good science, but it is 

good math.) 

 Avogadroôs number ³ mass of an electron 

 600,000,000,000,000,000,000,000 ³ 0.0000000000000000000000000000009 = 

 6 ³ 10
23

 ³ 9 ³ 10
(ï31)

 = 

   54 ³ 10
(ï8)

 = 

   5.4 ³ 10
(ï7)

 = 0.00000054 kg 

Your turn. Use your scientific calculator to evaluate the following product using the logarithmic 

technique shown on the previous page. Use the ³ button on your calculator to check your work. 

 274,246 ³ 0.0005461 = 

 10
m
 ³ 10

n
 = 

 10
log 274246

 ³ 10
log 0.0005461

 = (using calculator twice for log m and log n) 

 10
(log 274246

 
+
 

log 0.0005461)
 = Product of Common Base Factors Rule 

                                                                                           

 

bm³bn=b
(m+n)

 
 etc., use your calculator to finish and check 

(Using a log table to obtain the log of  a number less than one (1) involves some ideas that used to be very important but which 

are all dealt with now by the black-box code inside those marvelous scientific calculators. For a more complete discussion, 

please see Appendix D.) 

Evaluate using the rule b
m
 ³ b

n
 = b

(m + n)
. Use a calculator to determine necessary logs. Check your work. 

1.) 3,451,234 ³ 9,871,298,345 = 

2.) 56,819,234,008 ³ 0.004881234 = 

3.) 0.00003810842 ³ 0.000000089234913 = 

It is important to make a connection between the Product of Common Base Factors Rule and a new rule 

that will be called the Log of a Product Rule: 

These rules are two different forms of the same idea. The latter simply states that if two numbers x and y 

are being multiplied, they can both be expressed as exponentials with a common base. Once the exponents 

of the respective factors are added, the resulting exponent can be used to determine the result of the 

original problem by using that exponent sum as a power (antilog or inverse) of the common base. On the 

calculator, the antilog or inverse button is marked 10
x
. We use symbols to avoid convoluted statements 

like these! 

     

 

a³b=10(loga+logb)
 

      

 

bm³bn=b
(m+n)

 Product of Common Base Factors Rule 

 and     

 

log(x³y)=log x+log y Log of a Product Rule 
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By Product of Common Base Factors Rule By Log of a Product Rule 

 5 ³ 7 = x  5 ³ 7 = x 

 10
0.69897

 ³ 10
0.84509

 = x  log (5 ³ 7) = log (x) iff Log Rule 

     (m = n) iff (log m = log n) 

   10
1.54406

 = x  log 5 + log 7 = log (x) Log of a Product 

   34.99935 = x  0.69897 + 0.84509 = log (x) 

   1.54406 = log (x) 

 Applying the intuitive rule m = n iff 10
m
 = 10

n
 

   10
(1.54406)

 = 10
log (x) 

 Finally applying the decidedly nonintuitive Antilog 

(Inverse) Log Rule é 10
log x

 = x (discussed later in 

chapter 2) on the right side and a calculator on the left 

side 34.99935 = x (by calculator) 

 

(Note to the reader.  For all my work to fit on the page I restricted my precision to 5 decimals.  Be assured that the use of 10 

decimals does result in a product of 35 as would the use of Mr. Briggsô 13 place log tables.) 

With practice, the steps shown at the right to calculate 5 ³ 7 can be shortcut as follows: 

To multiply two numbers add their respective logs and take the antilog of the sum. 

4971.26 ³ 0.2459 = antilog (log 4,971.26 + log 0.2459) 

Shortly after the appearance of log tables, two English mathematicians, Edmund Gunter and William 

Oughtred, had the insight to mechanize the process of obtaining log and antilog values. This picture 

shows a modern slide rule. The magic behind how the slide rule multiplies values is the rule 

a ³ b = antilog (log a + log b).  

 
Source: The Museum of HP Calculators http://www.hpmuseum.org 
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Chapter 1 SummaryðFrom the early 1600s to the late 1990s, one of the main applications of 

logarithms was to obtain the result of difficult or tedious multiplication problems through the 

easier, less error-prone operation of addition. Using log tables, one could multiply two 

numbers by adding their respective logs and taking the antilog of the sum.   (Do you see how 

awkward the wording of the procedure to use logarithms to multiply two numbers is? That is why 

we use rules. The use of symbolic rules allows us to focus on the process and ideas without 

getting confused with words).    In the words of John Napier, ñCast away from the work itself 

even the very numbers themselves that are to be multiplied,é and putteth other numbers in their 

place which perform much as they can do, only by additionéò   Source:  John Napier, Cannon 

of Loagarthms in ñWhen Slide Rules Ruledò, by Cliff Stoll, Scientific American, May, 2006, pg. 

83 

Symbolically 

a ³ b = antilog (log a + log b) or a ³ b = inverse log of (log a + log b) 

(the antilog button is marked 10
x
 on some calculators and ñinv logò on others) 

123 ³ 4,567 = 10
(log 123 + log 4567)

 or 123 ³ 4,567 = inverse log of (log 123 + log 4,567) 

 

 

 

 

Just in case it slipped by you, the function y = log10 x is the inverse of the function y = 10
x
 

and the function 

 

y=10x is the inverse of the function 

 

y=log10 x . 

 

1.) The function 

 

y=log10 x is the inverse of exponential function 

 

y=10x. 

2.) The function 

 

y=10x is the inverse of the log function 

 

y=log10 x . 

There is much, much more on this in chapter 2! The entire chapter 2 is written 

to clarify and emphasize these last two ideas!! 

Log Rules through chapter 1 

  

 

bm³bn=b(m+n)  
Product of Common Base Factors Rule 

 

log(x³y)=logx+logy Log of a Product Rule 

 

m=n iff bm=bn  iff Antilog (10
x
) Rule 

 

m=n iff logm=logn iff Log Rule 

 

by=x is equivalent to 

 

y=logb x Equivalent Symbolism Rule 

The Algebra I rule     

 

b
m³b

n =b
(m+n )

 and the log rule 

log baba loglog)( +=³  are two different forms of the 

same idea.    Although it is not proved they work for 

both integer and real values. 
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Chapter 1 Exercises 

1.) Approximate log10 285,962 by bracketing it between two known powers of 10 as shown in 

Chapter 1. 

10
?
 =  _________  

10
?
 = 285,962 

10
?
 =  _________  

2.) Approximate log10 0.000368 by bracketing it between two known powers of 10 as shown in 

Chapter 1. 

10
?
 =  _________  

10
?
 = 0.000368 

10
?
 =  _________  

3.) Mentally approximate using the Equivalent Symbolism Rule, 

 

10y=x is equivalent to 

 

y=log10 x. Check yourself using a calculator. 

e.g., log10 200 å 2ï3 because 10
2
 = 100  <   200 < 1,000 = 10

3
 

 a.) log10 56 b.) log10 687 c.) log10 43,921 

 d.) log10 0.0219 e.) log10 0.0000038 f.) log10 0.00007871 

(There are special case ideas associated with using a log table to find the log of a number x, 

where 0 < x < 1. These ideas used to be important, but they are all dealt with by the black-box 

code inside those wonderful scientific calculators. See Appendix D if you are curious.) 

4.) Using your calculator to obtain log values, multiply the following numbers using the technique        

a ³ b = 10
(log a + log b)

. Show each step as you would have had to do before calculators. Use your 

calculator, however, to obtain the necessary log and antilog values. Check yourself using the ³ 
button on your calculator. 

a.) 4,526 ³ 104,264 = 

b.) 0.061538 ³ 40,126.7 = 

c.) 0.015872 ³ 0.000000183218 = 
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5.) The Equivalent Symbolism Rule was presented as follows: 

In this case, the base of the exponentiation is 10. In practice, it could be any number. More generally, the 

rule would look like the following: 

Use the Generalized Equivalent Symbolism Rule to change each of the following equations into its 

ñequivalent form.ò 

 a.) y = 3
x
 f.) y = log8 x 

 b.) 5 = 2
x
 g.) y = log3 x 

 c.) y = 7
x
 h.) y = log7 x 

 d.) y = p
q
 i.) 8 = log2 x 

 e.) g = w
3.2

 j.) 9 = logx 11 

 

10
y
=x is equivalent to 

 

y=log10 x Equivalent Symbolism Rule 

 

by
=x is equivalent to 

 

y=logb x 

Generalized Form Equivalent Symbolism Rule 
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Chapter 2: The Inverse Log Rules 

There is no escaping it é one must learn and feel comfortable applying several math rules when 

working with logarithms. These rules symbolize in abstract form very sophisticated ideas that cannot 

easily be put into a few words. We have already seen, discussed, and applied several. They are reviewed 

here along with a new one, the iff Log Rule (if and only if Log Rule) 

Two more rules, I call the Inverse Log Rules, are presented in most textbooks with only very terse  
explanation or clarification: 

     There are several ideas that build to an understanding of these Inverse Log Rules. For those readers 

who already know all this material, please skip ahead. I am not writing this material for you. 

Idea #1: A function refers to two sets, called domain and range, together with a rule that matches each 

member of the domain to exactly one member of the range. (ñDomainò refers to allowable x 

values while ñrangeò refers to allowable y values.) 

 Rule 

 

 

x 

(domain) 

y 

(range) 

ï2 ï5 

ï1 ï2 

0 1 

1 4 

2 7 

1.) 

 

logb b
x
=x and Inverse Log Rule #1 (Log of an Exponential Rule) 

2.) 

 

b
logb x
=x Inverse Log Rule #2 (Power of a Base Rule) 

 

y=3x+1 

Log Rules through chapter 1 

  

 

bm³bn=b(m+n)  
Product of Common Base Factors Rule 

 

log(x³y)=logx+logy Log of a Product Rule 

 

m=n iff bm=bn  iff Antilog Rule  

 

m=n iff logm=logn iff Log Rule 

 

by=x is equivalent to 

 

y=logb x Equivalent Symbolism Rule 
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Idea #2: An inverse function, if it exists, of a given function can be found by exchanging the x and y 

variables in the given function. For y = 3x + 1, we get x = 3y + 1. We then traditionally solve this 

new equation for y é y = (x ï 1)/3. There is an interesting geometric relationship between the 

graph of the original function and the graph of itôs inverse function. Both graphs are symmetric 

around the line y = x. If you fold the graph along the line y = x the graph of both functions fall 

upon each other. 

e.g., Original function y = 3x + 1 

 Inverse function x = 3y + 1 

 or x ï 1 = 3y 

 or 3y = x ï 1 

 or y = (x ï 1)/3 

x 

(domain of 

inverse function) 

y 

(range of inverse 

function) 

ï5 ï2 

ï2 ï1 

1 0 

4 1 

7 2 

Placing the table of (x, y) values for the original function é y = 3x + 1 é side by side with the table of 

(x, y) values of the inverse function é 

 

y=
x-1

3
 we notice that the x and y values of each pair have been 

exchanged. 

 Original function Inverse function 

 y = 3x + 1 

 

y=
x-1

3
 

x 

(domain) 

y 

(range) 

 x 

(domain) 

y 

(range) 

ï2 ï5 ÛcompareÝ ï5 ï2 

ï1 ï2 ÛcompareÝ ï2 ï1 

0 1 ÛcompareÝ 1 0 

1 4 ÛcompareÝ 4 1 

2 7 ÛcompareÝ 7 2 

This should not be surprising.  The inverse function was formed by exchanging the x and the y in the 

original function. This is what causes the two graphs to be symmetric around the line y = x. 
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Idea #3 The exponential equation y = b
x
 is a function. 

e.g., y = 2
x
 (base b > 1) 

x Y 

ï2 
¼
 

ï1 
½
 

0 1 

1 2 

2 4 

3 8 

Idea # 4 Exchanging the x and y values in the exponential equation y = b
x
 results in its inverse x = b

y
. For 

graphing purposes, we traditionally solve equations for y. You enter graphing mode by pressing 

the ñy = ò button, right? You specify the graph you want graphed by filling in the ñy = ò field 

that results, right? We solve for y using techniques taught in Algebra I: 1.) the 

Addition/Subtraction Property of Equality, 2.) the Multiplication/Division Properties of 

Equality, 3.) a combination of the Addition/Subtraction Properties of Equality with the 

Multiplication/Division Properties of Equality, 4.) raising both sides of an equation to a power, 

and 5.) taking the root of both sides of an equation. 

               6.) How do we solve for y in the equation x = b
y
? The techniques that we learned to solve for y in 

Algebra I all fail to solve an equation for ñyò when it is an exponent. 

(Sub. Prop. Of Eq.) 

1.) x = y + 2 

 x ï 2 = y + 2 ï 2 

 x ï 2 = y 

 y = x ï 2 

(Div Prop. of Eq.) 

2.) x + 2 = 3y 

 

 

x+2

3
 = 

 

3y

3
 

 y = 

 

x+2

3
 

(Sub. & Div. Prop. Of Eq.) 

3.) x = 3y + 2 

 x ï 2 = 3y 

 

 

x-2

3
 = 

 

3y

3
 

 y = 

 

x-2

3
  

(Square both sides) 

4.) x ï 1 = 

 

y  

 (x ï 1)
2
 = (

 

y )
2
 

 y = (x ï 1)
2
 

 

(Take the sq. root both sides) 

5.) y
2
 = x ï 5 

 

 

y2() = 

 

x-5( ) 

 y = ±

 

x-5( ) 

(How to solve for y?) 

6.) x = b
y
 

                   ??? 

 y = ???? 

 

This problem of solving for y in equation #6 above is overcome by what is essentially a definition. 

ñyò is defined to be the exponent of a base (b) which results in a desired value (x). Hence, x = b
y
 is 

equivalent to y = logb x. In this book, this is known as The Equivalent Symbolism Rule. 

When you graph b
y
 = x (a.k.a. y = logb x) you are basically graphing b

x
 = y but with all the ordered 

pairs exchanged. 

b
y
 = x is equivalent to y = logb x Equivalent Symbolism Rule 
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The graph at the right below shows the graphs of two functionsðy = 2
x
 and its inverse, x = 2

y
ðboth 

plotted on the same xïy axis. Again notice that folding the graph along the line y = x causes the two 

inverse functions to match up with each other. The two functions are symmetric around the line y = x. 

Notice the domain and range of y = 2
x
 and notice that the domain and range restrictions have been 

exchanged for x = 2
y
 (a.k.a.  y = log2 x) 

 y = 2
x
 (base b > 1) x = 2

y
 or y = log2x (base > 1) 

x y  x Y 

ï2 
1
/4 

 1
/4 ï2 

ï1 
1
/2 

 1
/2 ï1 

0 1  1 0 

1 2  2 1 

2 4  4 2 

3 8  8 3 

 

Think of the graph b
y
 = x (a.k.a.  y = logb x) as graphing b

x
 = y but with all the ordered pairs 

exchanged. 

Ideas #3 and #4 for base < 1 

  

 

x=
1

2

å 

ç 
æ 
õ 

÷ 
ö 

y

 

 

 

y=
1

2

å 

ç 
æ 
õ 

÷ 
ö 

x

 

 

y=log1

2

x
å 

ç 
æ 

õ 

÷ 
ö  

x y  x Y 

ï2 4  4 ï2 

ï1 2  2 ï1 

0 1  1 0 

1 
1
/4  

¼
 1 

2 
1
/2  

½
 2 

Think of the graph b
y
 = x (a.k.a. y = logb x) as graphing b

x
 = y but with all the ordered pairs 

exchanged. 

 

Repeating for emphasis: 

1.) For the graph y = b
x
, the domain is all real numbers and the range is positive. 

2.) For the graph x = b
y
  (a.k.a.  y = logb x), the domain is positive 

                                                                   and the range is all real numbers. 
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Idea #5 As we are discussing restrictions on the domain and range for the exponential and log functions, 

this would be a good time to discuss the restrictions on b é namely b > 0. What would it mean 

to have a function y = b
x
 with b < 0? Letôs experiment for y = (ï2)

x
. Recall that raising a negative 

number to an even power results in a positive value whereas a negative number raised to an odd 

power results in a negative result. 

 y = (ï2)
x
 

x Y 

ï2  
¼
 

ï1  ï
1
/2 

0  1 

1  ï2 

2  4 

3  ï8 

Is this function continuous? How do you connect these points? The chart above only shows x for 

selected integer values. The domain for y = b
x
 is all real. What if we had fractions and decimals and 

irrational numbers for x in the chart of xïy values? Letôs try an experiment. 

 

Enter (ï2)
(3/2)

 or (ï2)
(1.5)

 or (ï2)
ˊ
 into your calculator. Be sure to place parenthesis about the (ï2). The 

TI-83 Plus gives ERR: Non-Real Answer. Now since the log function y = log(ï2) x is the inverse function 

of y = (ï2)
x
, what does all this discussion mean for our log function? Maybe we should just avoid the 

whole situation by requiring our base, b, to be nonnegative. What if b = 0? e.g., y = 0
x
? Well, you can 

actually raise 0 to positive powers but 0
0
 is not defined and for negative powers, 0

ï1
 = 1/(0

1
) = 1 / 0, you 

get division by zero!! So clearly b must be positive in the two functions y = b
x
 and y = logb x. 

What about b = 1? b must be positive and we have seen graphs 

for both y = b
x
 with 0 < b < 1 and y = b

x
 for b > 1. What would the 

graphs of y = 1
x
 and its inverse y = log1 (x) look like? y = 1

x
 would 

actually be OK although it would be written more simply as y = 1, 

the special case horizontal line. For y = 1
x
 exchange x and y 

resulting in x = 1
y
 (a.k.a. y = log1 x) or more simply, x = 1. Notice 

that x = 1 is a vertical line and therefore not a function. A function 

cannot have more than one y value for any given x value. Obviously 

y = log1 (x) fails the vertical line test and cannot be a function. 

Conclusion: For y = b
x
, b > 0. For y = logb x, b > 0 and b Í 1. 



 Chapter 2: The Inverse Log Rules 14 

 

One last thing!! The equation y = b
x
 for b < 0 is 

not allowed, but that is not the same thing as     

y = ï(b
x
) for b > 0. y = ï(b

x
) is a reflection of y = b

x
 

about the x axis and is allowed. There will be more 

on this in chapter 9. Stay tuned. 

Letôs review: Idea #4 é the domain for the exponential function is all real, the range for the 

exponential function is y > 0 é the domain for the log function is x > 0, the range for the log function is 

all real é. Idea #5 é the base requirement for the exponential function is b > 0, the base requirement for 

the log function is b > 0, b Í 1. These ideas are all important, but they can be confusing. Letôs use a chart 

to summarize and review them. 

Function Domain Range Base (b) 

y = b
x
 ïÐ < x < Ð y > 0 b > 0 

y = logb (x) 

(x = b
y
) 

x > 0 ïÐ < y < Ð b > 0, b Í 1 

 

 

 

     The fact that b > 0 for both the exponential and the log functions gives us another way to understand 

the domain and range restrictions on both those functions. For y = b
x
, we see a positive number b (b > 0, 

remember?) raised to a power. Since exponentiation is repeated multiplication and the set of positive 

numbers is closed under multiplication, b
x
 must be positive. Therefore, the range (y values) of the 

exponential function is positive. For y = logb (x) the base is also a positive number, b > 0, b Í 1. It follows 

that b
y
 = x means that a positive number is repeatedly multiplied so b

y
 > 0. Therefore, the domain (x 

values) of the function y = logb x must be positive. 
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Idea #6: Composition of functions occurs when the result of one function is used as input to another. 

e.g., f(x) = 2x + 1 g(x) = 3x ï 1 

x f(x) g(f(x)) g(x) f(g(x)) 

ï1 ï1 ï4 ï4 ï7 
0 1 2 ï1 ï1 

1 3 8 2 5 

  *   *  
     

     

  Compare 

 g(f(x)) Í f(g(x)) 

Idea #7: The order of composition of functions is important. 

g(f(x)) might not equal f(g(x)). 

In the chart above compare g(f(x)) with f(g(x)). 

Also notice in the graph at right that the graphs of 

g(f(x)) and f(g(x)) do not match up when folded across 

the line y = x. 

Idea #8: Sometimes the graphs of f(x) and g(x) do match 

up when folded across the line y = x. 

 

 

f (x)=3x+1 

 

g(x)=
x-1

3
 

x f(x) g(f(x)) g(x) f(g(x)) 

ï1 ï2 ï1 ï
2
/3 ï1 

0 1 0 ï
1
/3 0 

1 4 1 0 1 
     

     

 Compare  

 x =g(f(x)) = f(g(x))  

Inverse functions are symmetric with the line y = x and composition of inverse functions will result in 

x regardless of the order of composition. That is, x =f(g(x)) = g(f(x))  
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Idea #9: The exponential function and the log function are inverse functions of each other. y = b
x
  is an 

exponential function é x = b
y
 the inverse éa.k.a.  y = logb x,  logarithmic form of the inverse 

 

Let f(x) = b
x
 exponential function 

and g(x) = logb x inverse of b
x
 in log form 

Then f(g(x)) = x (because they are inverse functions) and g(f(x)) = x (because they are inverse functions) 

 f(logb x) = x  g(b
x
) = x 

 x
x

bb =
log

 Inverse Log Rule #2 logb b
x
 = x Inverse Log Rule #1 

  (Power of a Base Rule)  (Log of an Exponential Rule) 

Restating the Inverse Log Rules together, we get 

These rules pop up in the most unexpected situations. For example, refer back to the last few lines of 

chapter 1. 

 5 ³ 7 = x 

 log (5 ³ 7) = log (x) iff Log Rule, m = n iff log m = log n 

 log 5 + log 7 = log (x) Log of a Product 

 0.69897 + 0.84509 = log (x) by calculator 

  1.54406  = log (x) 

 Applying the intuitive rule m = n iff 10
m
 = 10

n
 (equivalent to saying if 3 = 3 then 10

3
 = 10

3
) 

  10
(1.54406804)

  = 10
log (x)

 

*****  And the decidedly nonintuitive Inverse Log Rule #2 é 10
log x

 = x *****  

  34.99935  = x (using a calculator for 10
1.54406804

) 

 logb b
x
 = x Inverse Log Rule #1 (Log of an Exponential Rule) 

and x
x

bb =
log

 Inverse Log Rule #2 (Power of a Base Rule) 
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Following is an example of applying Inverse Log Rule #1, logb b
x
 = x 

 10
x
 = 35 

 log10 10
x
 = log10 35 Taking the log of both sides, iff Log Rule é m = n iff log10 m = log10 n 

 x = log10 35 Inverse Log Rule #1 (Log of an Exponential Rule) 

 x = 1.54406 by calculator (ck: 10
1.54406

 = 34.99935) 

You should be aware that many textbooks and teachers will shortcut the previous work because they 

expect that you have fully internalized the log rules and are prepared for shortcuts. 

Compare the two following approaches to solve 10
x
 = 35: 

As presented here                        As frequently presented 

 1.) 10
x
 = 35 1.) 10

x
 = 35 

 2.) log10 10
x
 = log10 35 2.) x = log10 35 

 3.) x = log10 35 3.) x = 1.54406 

 4.) x = 1.54406 (ck: 10
1.54406

 = 34.99935171) 

The problem 10
x
 = 35 is actually a bit contrived. The solutions shown immediately above would not 

be applicable if the problem had been 23
x
 = 35éor 17

x
 = 100éor 30

x
 = 2456, etc. 

 23
x
 = 35 

 log10 23
x
 = log10 35 

  ???? 

Here we can go no further as the Log of a Power Rule, logb b
x
 = x, cannot be applied to the situation 

log10 23
x
. The base of the log must be the same as the base of the logôs argument for the rule ñlogb b

x
 = x ò 

to work. In a later chapter, we will learn how to solve for an exponent in an equation where this 

requirement is no longer necessary in order to solve for an unknown exponent (eg. .  23
x
 = 35 ). That is 

called solving for a ñgeneral case logarithm.ò    

Often when learning new rules, concepts, and ideas it is helpful to look at them in different ways. For 

example, on previous pages the two inverse log rules were shown to hold by function composition:  

f(g(x)) = x and g(f(x)) = x. Here is another way to look at those same two rules. 

I x = x 

 b
x
 = b

x
 iff Antilog Rule  m = n iff b

m
 = b

n
 

 b
x
 = y arbitrary substitution, let y = b

x
, you will see why in two more steps 

 x = logb y Equivalent Symbolism Rule b
y
 = x is equivalent to y = logb x 

 x = logb b
x
 back substituting y = b

x
 results in Inverse Log Rule #1 

 The Log of an Exponential Rule 
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x
x

bb =
log

II  x = x 

 logb x = logb x iff Log Rule Take the log of both sides. This is like saying 

 100 = 100 iff log 100 = log 100 (2 = 2) 

 logb x = y arbitrary substitution, let y = logb x, you will see why in two more steps 

 b
y
 = x Equivalent Symbolism Rule 10

y
 = x is equivalent to y = log10 x 

Finally 

 

blogb x = x back substituting y = logb x results in Inverse Log Rule #2 

 The Power of a Base Rule 

Chapter 2 SummaryðPeople who write mathematics books have worked extensively over the years 

with logarithms and they tend to forget that there are people who do not have their 

background and familiarity with logarithms. The result is that they will omit steps in their 

explanations because the step was ñobvious,ò expecting the reader to understand what was 

done. This is particularly the case with the two iff Log rules and the two Inverse Log rules. 

 m = n iff b
m
 = b

n
 iff Antilog Rule  

  4 = 4 iff 10
4
 = 10

4
 

 m = n iff log m = log n iff Log Rule 
  3 = 3 iff log 3 = log 3 

 logb b
x
 = x and Inverse Log Rule #1 (Log of an Exponential Rule) 

 

 

b
log

b
x
=x  Inverse Log Rule #2 (Power of a Base Rule) 

These latter two rules hold true because they are inverses of each other and hence, by the 

definition of inverse functions, f(g(x)) = g(f(x)) = x. 

When reading passages talking about logarithms, one must constantly be on guard for 

applications of one of these ñstealthò Inverse Log and iff Log rules. 

 

All the rules learned to this point are gathered together and listed below for reference 

  

 

bm³bn=b(m+n)  
Product of Common Base Factors Rule 

 

log(x³y)=logx+logy Log of a Product Rule 

 

m=n iff bm=bn  iff Antilog Rule  

 

m=n iff logm=logn iff Log Rule 

 

by=x is equivalent to 

 

y=logb x Equivalent Symbolism Rule 

logb b
x
 = x Inverse Log Rule #1 (Log of an Exponential Rule) 

 

b
log

b
x
=x Inverse Log Rule #2 (Power of a Base Rule) 
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                                                    Chapter 2 Exercises 

1.) Given y = 2x + 5. Fill in the following chart and graph. 

 

y = 2x + 5 

x y 

ï2  

ï1  

0  

1  

2  

2.) Exchange the x and y variables in the equation y = 2x + 5 and solve for y. Use the values of y in 

the previous chart as your x values in the chart below, complete the chart. 

 

x = 2y + 5 

x y 

  

  

  

  

  

3.) Graph the relations for #1 and #2 above on the same xïy axis. What do you notice? 

4.) Given r(x) and s(x) as inverse functions, complete the following statement. 

 r(s(x)) = 

 and 

 s(r(x)) = 

5.) If two functions f(x) and g(x) are inverse functions then f(g(x)) = g(f(x)). Is this an ñiffò (if and 

only if) relation? That is, ñIf f(g(x)) = g(f(x)), are f(x) and g(x) inverse functions? Do their graphs 

reflect about the line y = x?ò 

Hint: a.) Try with f(x) = 3x and g(x) = 3x. 

 b.) Try with f(x) = 2x and g(x) = 3x 

 c.) Try with f(x) = x
2
 and g(x) = x

3
. 

6.) State the two Inverse Log Rules from memory. 

7.) Given p = q state the iff Antilog Rule.  

8.) Given p = q state the iff Log Rule. 

9.) Convert each of the following using the Equivalent Symbolism Rule. 

 a.) x = (ï5)
y
 b.) y = log(ï2) 7 

 

10.)  Use a scientific calculator to find the log of a number x, x > 1.   Use the result as a power of 

         10.   Repeat this activity a few times.  What are you demonstrating?    
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Chapter 3: Logarithms Used to Calculate Quotients 

For hundreds of years scientists and mathematicians did their calculations using the standard approach 

currently taught in elementary school. 

 361 5 3 . 1 1 7 etc. 

  ³ 25 17 9 0 3 . 0 0 0 
 1 8 0 5  8 5 

 7 2 2     5 3 

 9 0 2 5   5 1 

        2  0 

        1  7 

          3 0 

          1 7 

          1 3 0 

          1 1 9 

           1 1 etc. 

The log tables and log rules that were so helpful in finding products can also be applied to quotients. 

For years, mathematicians had noticed a certain pattern held for sequences of exponentials with fixed 

bases. 

For example: 

Exponential  2
0 

2
1 

2
2 

2
3 

2
4
 2

5 
2

6 
2

7
 2

8
 2

9 
2

10
 

Exponent  0 1 2 3 4 5 6 7 8 9 10 

Value  1 2 4 8 16 32 64 128 256 512 1024 

Notice that 32 / 8 = 4 

 2
5
 / 2

3
 = 4 

 or 2
5
 / 2

3
 = 2

2
 

or 

Exponential  3
0 

3
1 

3
2 

3
3 

3
4
 3

5 
3

6 
3

7
 3

8
 

Exponent  0 1 2 3 4 5 6 7 8 

Value  1 3 9 27 81 243 729 2187 6561 

Notice that 2,187 / 27 = 81 

 3
7
 / 3

3
 = 81 

 or 3
7
 / 3

3
 = 3

4
 

Logarithms Used to Find Quotients 
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b
m

b
n
=b

( m-n )  Quotient of Common Bases Rule 

From before 2
5
 / 2

3
 = 2

2
 

and now 3
7
 / 3

3
 = 3

4
 

By induction, we move from the specific to the general case: 

 

b
m

b
n
=b

( m-n )  

Another way to think of this rule is to apply the definition of exponentiation é. 

                                                                         m times 

 

Definition of exponentiation:   b
m
 = b * b * b * é               * b     (b times itself m times) 

 

For example: b
8
 / b

3
 = 

bù ³ bù ³ bù ³ b ³ b ³ b ³ b ³ b 
= (definition of exponentiation) 

bù ³ bù ³ bù 

  

 

b³b³b³b³b  = b
5
 

By transitive b
8
 / b

3
 = b

5
 or 

 

When monomials with the same 

base are divided, one can obtain the result by subtracting the respective exponents. Napier (and later 

Briggs) saw from this pattern the possibility of converting a complicated, difficult division problem into 

an easier, far less error-prone, subtraction problem. For example: 

 4,971.26 / 0.2459 = 

 10
m
 / 10

n
 = 10

(m - n)
 

 Where 3 < m < 4 and ï1 < n < 0 

 Because 10
4
 = 10,000 and 10

0
 = 1 

  10
m
 = 4,971.26 and 10

n
 = 0.2459 

  10
3
 = 1,000 and 10

ï1
 = 

1
/10 = 0.1 

 

This approach follows immediately from  

the pattern noted before 

 

From previous discussion and from Appendix A, we know that from a table of logarithms (or today from 

a calculator) we can find the following information. 

Logarithm Exponent Form Number  

0 10
0
 1 (log10 1        = 0) 

0.30568 10
0.30568

 2.022 (log10 2.022 = 0.30568) 

0.39076 10
0.39076

 2.459 (log10 2.459 = 0.39076) 

0.69644 10
0.69644

 4.971 (log10 4.971 = 0.69644) 

1 10
1
 10 (log10 10      = 1) 

 

b
m

b
n
=b

( m-n )  Quotient of Common Bases Rule 

                    Although it is not proved this rule holds true 

                    for all m & n .  

 

          (this 

 



 Chapter 3: Logarithms Used to Calculate Quotients 22 

 

Thus the problem originally posed 

4971.26  
=   

0.2459  

4.97126 ³ 10
3
  

=   
2.459 ³ 10

(ï1)
  

10
0.69644

 ³ 10
3
  

=  (from the table on the previous page) 
10

0.39076
 ³ 10

(ï1)
  

10
3.69644

  
=  Product of Common Bases Rule,   

 

b
m³b

n =b
(m+n )

 
10

(ï0.60924)
  

10
(3.69644 ï (ï0.60924))

 =  Quotient of Common Bases Rule, 

 

b
m

b
n
=b

( m-n )  

10
4.30568

 =   

10
4
 ³ 10

0.30568
 = 20,220 (10

0.30568
 = 2.022 from the table on the previous page) 

By calculator 4,971.26 / 0.2459 = 20,216.59211 which approximates the answer obtained using Mr. 

Briggsô logarithm technique. As stated before in chapter 1: 1.) Mr. Briggsô log table had as many as 13 

decimal places, which would have made our work greatly more accurate had we used his raw data.         

2.) Scientists and engineers are usually happy with ñcloseò answers as long as the answers are close 

enough for the work they are doing to succeed. The number 1.414213562 would make most engineers 

very happy, but for the mathematician only 

 

2  would be acceptable. 3.) There are special-case 

complications when using a log table to obtain the log of a number between 0 and 1. These issues are 

dealt with by the black-box code inside scientific calculators. (See Appendix D.) 
 

Once again, notice the relationship between Briggsô logarithmic approach to dividing numbers and 

scientific notation. 
 

Divide Avogadroôs number by the mass of an electron. (Itôs probably not good science, but it is good 

math.) 

 Avogadroôs number / mass of an electron 

 600,000,000,000,000,000,000,000 / 0.0000000000000000000000000000009 

 ( 6 ³ 10
23 

)
  
 / ( 9 ³ 10

(ï31)  
)   = 

   
2
/3 ³ 10

54       
 = 

   0.667 ³ 10
54

        = 6.667 ³ 10
53

 kg
ï1

 

Your turn. Use your scientific calculator to evaluate the following product using the logarithmic 

technique shown on the previous page. Use the ³ button on your calculator to check your work. 

 274,246 / 0.0005461 = 

 10
m
 / 10

n
 = 

 10
log 274246

 / 10
log 0.0005461

 = (using calculator twice for log m and log n) 

 10
(log 274246 ï log 0.0005461)

 = Quotient of Common Bases Rule, 

 

b
m

b
n
=b

( m-n )  

 etc., use your calculator to finish and check 
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Do the same for the  following problems using the rule 

 

bm

bn
=b(m-n).  Use your calculator to obtain values 

m and n and 10
(m ï n)
.   Check yourself using the ñ/ò operation on your calculator. 

1.) 3,451,234 / 9,871,298,345 = 

2.) 56,819,234,008 / 0.004881234 = 

3.) 0.00003810842 / 0.000000089234913 = 

It is important to notice that the two formulas, 

are two different forms of the same idea. The latter simply states that if two numbers x and y are being 

divided they can both be expressed as exponentials with a common base. Once the exponents of the 

respective numbers are subtracted the resulting exponent can be used to determine the quotient of the 

original problem by using that exponent difference as a power (antilog) of the common base. This 

convoluted wording is a classic example of why we use symbols in math to communicate ideas. 

 

a

b
=antilog(loga-logb)  

 

a

b
=10

(loga-logb)
 

 

a

b
=inverselog(loga-logb)              These rules apply to both integers and reals. 

The example from chapter 1 is recycled here to demonstrate this: 5 / 7 

By Quotient of Common Base Factors Rule By Log of a Quotient Rule 

 

 

5

7
 = x  

 

5

7
 = x 

 

 

100.69897

100.84509
 = x  

 

log
5

7
 = log (x) iff Log Rule 

    (m = n) iff (log m = log n) 

 10
(ï0.14613)

 = x  log 5 ï log 7 = log (x) Log of a Product 

 0.7142824907 = x 0.69897 ï 0.84509 = log (x) 

  ï0.14613 = log (x) 

 Applying the intuitive rule m = n iff 10
m
 = 10

n
 

  10
(ï0.14613)

 = 10
log (x) 

 And the decidedly nonintuitive Antilog Log Rule 

 0.7142824907 = x (by calculator) 

 

 

bm

bn
=b(m-n) Quotient of Common Bases Rule 

and 

 

log
x

y

å 

ç 
æ 
õ 

÷ 
ö =logx-logy Log of a Quotient Rule, 
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With practice the steps shown above to calculate 5 / 7 can be shortcut as follows: 

 

5

7
 = antilog (log 5 ï log 7) or 

 

5

7
 = 10

(log 5 ï log 7)
 é inverse log (log 5 ï log 7) 

 

a

b
 = antilog (log a ï log b) or       

 

a

b
 = 10

(log a ï log b)
 é inverse log (log a ï log b) 

To divide two numbers subtract their respective logs and take the antilog of the difference. 

As stated in chapter 1, the development of the slide rule mechanized the process of obtaining logs and 

antilogs. The magic behind how the slide rule divides values is the rule a / b = antilog (log a ï log b). 

 
Source: The Museum of HP Calculators http://www.hpmuseum.org 

Chapter 3 SummaryðFrom the early 1600s to the late 1990s, one of the main applications of 

logarithms was to obtain the result of difficult division problems through the easier, less error-

prone operation of subtraction. To divide two numbers, subtract their respective logs and take 

the antilog (10
x
) of the difference.    In the words of John Napier, ñCast away from the work 

itself even the very numbers themselves that are to be divided,é and putteth other numbers in 

their place which perform much as they can do, only byé subtractionéò   Source:  ñWhen Slide 

Rules Ruledò, by Cliff Stoll, Scientific American, May, 2006, pg. 83 

 

            

 

a

b
=antilog(loga-logb)         

 

a

b
=10

(loga-logb)
      

 

a

b
=inverselog(loga-logb)  

                    Chapter 3 Exercises 

1.) Using your calculator to obtain log values, divide the following numbers using the Rule to 

Divide Using Logarithms, 

 

a

b
=10

(loga-logb)
. Check yourself using the / operator on your 

calculator. 

a.) 
676 

b.) 
0.000000676 

c.) 
6.76 

94283
 

94.283 0.94283
 

For each quotient above what do you notice about the pattern of significant digits. Explain.

The Algebra I Rule, 

 

b
m

b
n
=b

( m-n ) , and the log rule, 

, are two different forms of the same idea. 

These rules apply to both integer and real numbers. 

 


