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Find comfort in the exchange between Richard Riah %ir Thomas M in the playA Man For All
Season®y Robert Bolt.
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John NapierCanon of Logarithmsl614

iSeeing there is nothing that is so troublesome to math
the multiplications, divisions, square and cubical extractions of great nsymidg@ch besides the tedious expense of time are
for the most pd subject to many slippery errors, | began therefore to consider in my mind by what certain and ready art |
might remove thoskindranceé . Ca st away felf even the ieey numbatkkmsdves ¢hat are to be multiplied,
divided, and resolved into roots, and putteth other numbers in their place which perform much as they can do, onlynby additio
and subtraction, division by two or division by three.o

As quoted iRuliaV eRu ISd d abadntfic AbrericdnfMagazinebhyl2006 pgs. 81
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Foreword

Many, if not most or all, high school math and science teachers have had the experience of hearing a
stucent exclaim something comparableo t he f o P 4,925 8R19: bmause tBedalculator said
so.0 Clearly the magnitude of such a product sh
4, 000 = 800,000 é 2 zeros fir 0T kzdr s i = ndavaat ean oM ,i |
perform the exact ¢eulation above in their heads most educated people can estimate simple expressions
and fisenseo0 when either bad dagaagwia, garbage out)orehdt i n
the order of operation for an expression was incorrectly enteredlai®y | have read of an experiment
whereby calculators were wired to give answers to multiplication problems that were an order of
magni tude off and then given to el ementary stud

What is happening hetdvlany people would say that the culprit is the lackwhber sensm our
young people. They say that felunction calculators are given to students too early in the grade school
before number sense is developed. There is a school of thought thattemsteacomponent of number
sense, must be developed in stages from concrete, to pictorial, to purely abstract. Learningthat5+2 =7
needs to start with combining 5 coins (popsicle sticks, poker chips, etc.) with 2 coins resulting in 7 coins.
From thatexperience, the student can proceed to learn that the photographic/pictorial images of 5 coins
(popsicle sticks, poker chips, etc.) combined with the photographic/pictorial images of 2 coins results in 7
coin images. Similarly, 5 tally marks combined w&ally marks results in 7 marks. Finally, one
internalizes the abstraction 5 + 2 = 7 €& concre
Giving calculators too early in an attempt to shortcut the learning progression robs the dttldent o
chance to learn or internalize number sense. The result of not being required to develop number sense an
not memorizing the basic number facts at the elementary school level manifests itself daily in upper
school math and science classrooms. Therea peopl e responsi bl e who sho
for math curriculum for a local school district attaches the following words of wisdom to every email
message she sends: #ALife is too short for | ong

Calculators make good students better but they do not compensate for a lack of number sense
and knowing the basic number facts from memory. They do not make a poor math student into a
good onel!

The introduction of the han drmbinéddvithfal theitrigandiog | c u |
and exp functions) into the math curriculum has
concepts associated with logarithms. Thank the engineers at HP and TI for thegtdaafshort to spend
on log tablesysing them to find logs and antilogs (inverse logs), and interpolating to extend your log
table decimal value from four positions out to five! Yuck! However, by completely eliminating the
traditional study of logarithms, we have deprived our studentedatblution of ideas and concepts that
leads to deeper understanding of many concepts associated with logarithms. As a result, teachers now
could hear

A(5=2W7y= 6.32 because t(§e25doadoadnelssasakesl) says so, o
ory=fogs(714.6)y= 22.9 because t((B'e625ad=c3l2B)at or says S



Typically, todayb6s students experience teacher
l ogs. 0 AiThe | og of a quotient eaeteerdehe di fference

1.) log(a3 b) =loga+logb or

2) | caf I logb

: 0gae¢ =loga- logb or
B¢

3.) logbh™ =mlogb

with little development of ideas behind them or history of how they were used in conjunction with log
tables (or slide rules which are mechanized | o0g
engineering calculations frothe early 1600s until the wielcale availability of scientific calculators in

the 1970s. All three of these rules were actually taught in Algebra I, but in another format. Little effort is
made in textbooks to make a connection between the Algebra Itf(utes for exponents) and their
logarithmic format. It is just assumed that the student sees and understands the connection. With the use
of log tables and slide rules there was a daily, although subtle, reminder of the connection between these

threeruts and their parallel Algebra | ARules of ex
Algebra 1 Rule Associated Log Rule
b™ *p" = p"*" logh(m * n) =log, m + log, N
b™ /b" = p" " logs(m / n) =log, m-logy N
(b™"=bpM" log b™ = mlog b

ABIl dok o cal cul ator programming has obscured muc
of ideas associated with logarithms that existed for hundreds of years has been abbFeviataty

bright students, the curricular changes have not been a problem. For some students, however, the result
has been confusion.

Let me give you a specific example. The following quote is taken verbatim from
http://mathforum.org/library/drmath/vie®522.html(website viable Jung201Q

The Math Forum # As k Drhave &aunch of ulesfior logs, properties and suchlike, but | find it

hard to remember them without a proof. My precalculus book has no proof of why logs work or even what
theyare nor does my <calculus book. |l understand wh
what they are. Pl ease help me. 0

This plea for help is from a calculus student who (presumably) has credit on their transcript for mastery
of precalculus!! Yet, kearly he or she does not even know enough about logarithms to articulate a
guestion regarding what they would like to know.

My all time favorite magic log formulas are :

1.) log, b* = x

log, X
and2.) b %o =X




Where did thoséwo formulas come from? There is some pretty simple logicruktiiese mysterious
identities but teachers are always in a hurry t
exponenti al equations with variabl e evelgpandent s.
expl ai n o WAWesnestbdoksuare eoshelpful with their terse presentation of these ideas. These
formulas are still vital even today. The calculator has not made them obsolete in the way that the four
function calculator has rescued us from the tyranny of the log tables dhne diLidgery associated with
them.Without these formulase cannoknowledgeablyuse our scientific calculators to solve equations

of the form (5.2)= 30.47 ory = logs g (714.6). If the student does not understand the log rules, then he or
shecanstle ppl y them and figet answerso just | ike the
really do not understand what is happening. If thelkaresevere error in their wottkey do not have the
number sense that will enable them to catch unreasonadees and they will be baffled in a later math
class when the topic comes up agai@hapter 2 is totally dedicated to understanding these two later

rules.

Al | the formulas shown above just seem te appe
head of delasexsachiné There is none of the development of ideas and evolution of thought
that used to exist in the high school curriculum. The high schoalglcelus teacher may understand
fully what is going on with these formulas andadeand the class genius may also but Joe Shmick and
Betty Shmoe do not! Many students are just sitting there working with abstractions that have not been
devel oped and fully understood. l'toés all magi c
bu | ding Acognitive structureso without proper f

When students do not fully understand mathematical ideas they tend to quickly forget all the
tricks that got them past their un alatermahstegacharnd t
asksthem to recall and apply it. Also they do not have the number sense to know when their
answers are not reasonable.

Mathemagids the learning of tricks that help a student to pass itmenediate unit test. Mathemagic
is confusing and quickly forgotteMathemagic is rigid. All problems that a student can solve using
mathemagic must be in the exact same format as the problems the teacher used when teaching the unit.
Mathematicss the learning@nd understandingof ideas, theories, and rules that stay wih for years
or even decades and allow you to attack and solve problems that are not in the exact same format as the
problems the teacher solved when teaching the material. Mathematics is a disciplined, organized way of
thinking.

If a student fully undestands the ideas behind working with logarithms, then correct answers, comfort
with logarithmic situations, and multiyear retention will result. This is not-andfonly-if relation. If a
studentcan get correct answers on herinignediate unitest tha does not mean thaheunderstood the
concepts or that retention will occur so that the necessary recognition and skills will be there for the
student should a future occasion (math, sciemce businesslasses) require them.

The omnipresence of sci#ic calculators today means that even most teachers have not experienced
the joysJ of working with log tables or working with a slide rule For the most part that is good. |
would not wish my worst enemy to have to learn about logarithms the wayulsthd log tables to find
logs and antlogs and interpolating to tweak out one more decimal value for both. There was also the
special case situation of using a log table to determine the log/loére 0 <x < 1. All the preceding was
a real taheippatnootni edo which we are spared today.
application and not be distracted by the mechanics and minutia of the arithmetic! | do feel, however, that
in the education world there is a need to develop the idehkistory associated with logarithms prior to
expecting the students to work with them. Doing so will replace the mystery of the study of logarithms
with a deep appreciation and understanding of log ideas and concepts that will stay with the student for a
extended period of time. That is the motivation behind this material.



Note to Teachers

This text is not written for you. With the exception of parts of chapters 5, 6, and 7 and Appendix A, |
assume that you already understand all the ideas preseni®@ dfbook written for students who do not
understand logarithmeven if they can apply the ruleand get correct answersHowever it would
greatly gratify me if a teacher were to tell me that he or she enjoyed my organization and presentation.

| am a ligh school math teacher, not a mathematician. As such, | live and work in a world where
sequence and progression of concepts leading to key aleag,withp aci ng, fAanti ci pat o
evolution and organization of ideas, reinforcement, examples antecexaimples, patterns, visuals,
repeated threading and spiraling of concepts, and, especially, repetition, repetition, and repetition are all
more important thangor. It has always seemed ironic that authors and teachers, so knowledgeable about
mathematt al sequences, could be so insensitive and
they could be so knowledgeable about continuity of functions but so discorgimutheir writing

There are plenty of materials available on teaching logarithatsatk mathematically rigorous. |
believe that #fAri gor-prbdactive forall butdhe chostgidted stadentssAs suchuln t e
present many, many examples to help the student to see patterns and only then do | present the abstractic
which will allow for generalization to all caseisiduction is a powerful teaching tooBecause of
economy i mposed by the publisher or perhaps bec
textbooks present the abstraction (generalization) first hile attempt to develop the rationale behind it
or to connect the material to previous material such as the Algebra | Laws of Exponents or the history of
logarithms. Those texts then proceed hurriedly to applying the abstraction to specific situations.

| believe that the best way to introduce a new idea is to somehow relate it to previous ideas the student
has been using for some time. Using this approa
logical progression. Logarithms are a way pplgt many of the laws of exponents taught in Algebra I. It
is important that the students understand thiadllso believe in introducing an idea in one chapter and
revisiting that idea repeatedly in different ways throughout the book.

The materials pres¢ed here are usually spread over two years of math instruction: precalculus and
calculus. Doing so, however, separates ideas and examples that are helpful in the synthesis that leads to :
deeper understanding of logarithms. For example, most high sexobladoks seem to shy away from a
meaningful discussion of why scientists and other professionals prefer to work wity tleeseatural
log, rather than the more intuitive common base, base 10. They do so becausedaifue student has
not yet beerexposed to the ideas that are necessary to justifythe use basef t he goal i s
indeed many ideas associated vatmust be postponed until calculus. But if your goal is to create
familiarity with logarithms and appreciation of the numbe do not believe that all that rigor is
required. | have tried to bring all those ideas down to thealcilus level. | hope that | have done so.

My approach, however, has been done at the expense of rigor. If | get consigned to one of the levels of

D a n tinfeéngbecause of my transgression it will be worth it if | am able to help young students past
what, for me, was an unnecessarily difficult mu
chose the formal two column proof over thdadviated paragraph proof.

| see three different audiences for this text: 1.) students who have never worked with logarithms
before, 2.) those students in calculus or science who did not manage to master logarithms during their
algebra/precalculus instruton, and 3.) summer reading for students preparing for calculus. The former
students will need to receive instruction, but the second and third group of students, if sufficiently
motivated, should be able to read these materials on their own witlotitile help. There are questions at
the end of each chapter to use to evaluate student understaheivy. emphasis is placed upon
practicing estimation skills!!!
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Chapter 1: Logarithms Used to Calculate Products

For hundreds of years scientists and mathemaas did their calculations using the standard approach
currently taught in elementary school.

361 53.11 7 et
325 17 [903.0 0 0
1805 85
722 5 3
9025 51

2 0
17
30
17
13 0
11 9
1 1 etc

Not only were all these calculations tedious and prone to error, but the time spent in doing those
calculations took away from the tasks reqpeiring
were always looking for a way to aid in the calculation process.

For now, define logarithms as a technique developed to aid in the drudgery of doing long and tedious
calculations. In 1614, a Scottish mathematician, John Napieri16%@), publishedik table of
logarithms and revolutionized the calculation process. (Joost Burgi, a Swiss watchmaker who interacted
and worked with the famous astronomer Johann Kepler, also seems to have independently discovered
logarithms, but Napier was the first to pishland he is usually given credit for their discovery and
development.) For reasons that are distracting to the flow of ideas in this book, we will instead focus on
the approach to logarithms by English mathematician Henry Briggsi(168Q@) who consultedith and
was inspired by Mr. Napierds insight and origin

The term |l ogarithm is a portmanteau word €& a
logarithm is made of two Greek wordedos,ratio andarithmos number). In brief, a logarithnsi
nothing more than an exponent. Inthe equation5 1 0yot hies fia | ogar i t hm.

Logarithms Used to Multiply

For years, mathematicians had noticed a certain pattern held for sequences of exponentials with fixed
bases.

For example:
Exponentiag 20 28 22 220 20 2> 26 27 22 P Q°
Exponen O 1 2 3 4 5 6 7 8 9 10
Valueek 1 2 4 8 16 32 64 128 256 512 1,024
Notice that 8 3 32 256
223 256
or 283 22 = 28
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or
Exponentia 3 33 ¥ ¥ F 3P 3P 3’ 3
Exponen 0 1 2 3 4 5 6 7 8
Value| 1 3 9 27 81 243 729 2,187 6,561

Notice that 9 3 243 = 2,187
¥3 3P = 2187

or 33 3P = 3
From before2® s 2° = 28
andnow 3?3 3 = 3’

By induction, we move from the specific to the general

Product of Common Base Factors Rulgrule applies for all m & n)
bm3 bn - b(rrH—n)

Anot her way to think of this rule is to apply t

m times
Definition of exponentiation:b™= b * b * b *(btiénes itselfmtimes) * b
For example: b* s b =
(b3 b3b3b) <+ (b3Db3b) = (definition of exponentiation)
b3 b3 b3 b3b3b3b = (associative property of multiplication)
b’ (definition of exponentiation)
By transitive b*2 b®=b" or b™2 p" =p™" Product of Common Base Factor Rule

When monomials with theame base are multiplied, one can obtain the result by adding the respective
exponents. Napier (and later Briggs) saw from this pattern the possibility of converting a complicated,
difficult multiplication problem into an easier, far less efpoone, addion problem. For example:

4971.26 3 0.2459 =
10™ 3 100 =1gm*P
Where 3 < m < 4 and 11 < n < O

Because 10 = 10,000 and 10° =1
10" = 4,971.26 and 10" = 0.2459
10° = 1,000 and 10'= ¥,=01

This approach follows immediately from the patteoted before

b™M3 p" = p(mn) Product of Common Base Factors Rule
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Mr. Briggs devoted a great deal of the last 20 years of his life to identifying those vajusbaeby
10’ = x. In the equation ¥0- x, the exponeng came to be know as the logarithm of the numdesing a

base of 10,y =log; o(X). Hence 10= x is equivalent toy = log; ox. For example,\/f):lo(llz) =10°° =
3.162277. I n English é A0.5 is the base 10 | oga

10’ = x is equivalent toy =log,, x Equivalent Symbolism Rule

Appendix A goes into detail about some of the ingenteabniques Mr. Briggs used to develop his
logarithmic information. The curious reader is referred there because a discussion of those ideas here
would distract from the more important goal of explaining how logarithms were used to convert tedious
multiplication problems into simpler addition problems.

Mr. Briggs organized his work into tables. Discussing that organization and adding the new
vocabulary words (characteristic, mantissa, antilogarithm) necessary to use the table would also distract
from the dscussion at hand and is mostly omitted from this book. See Appendix A, pg. 1 for a hint.
Suffice to say that in the table of logarithms that Mr. Briggs developed was information comparable to the
following:

Logarithm Exponent Form Number
0 10° 1 (logioc0 = 1)
0.08720 10708720 1.222 (logy01.222 = 0.087)
0.39076 1073997 2.459 (log;o2.459 = 0.39076)
0.69644 1009044 4.971 (l0g104.971 = 0.69644)
1 10" 10 (logip10 = 1)
Thus, the problem originally posed can be evaluated as fillow
4,971.26 3 0.2459 =
4.97126 3 16° 3 2459 3 10"Y =  (scientific notation)
10069644 3 160 3 1P s 10'Y = (exponent values taken from table)
16°%8720=  (pMp"pPhP = p(m*n+o+p) )
10° 3 10°%=  (see 18%®in box above)
1,000 3 1.222 = 1,222

By calculator 4,971.26 0.2459 = 1,222.432834 which compares very favorably with the answer
obtained using Mr. Briggsd | ogarithmitgegcshon il gouge .t
had as many as 13 decimal places (more thar83 Thlculator)which would have made our work

greatly more accurate had we used his raw data. 2.) Scientists and engineers are usually happy with
Aicl osed answer s a sloskenaugh fa the wotk they ara doingeto ssicceed. €he ¢
number 1.414213562 would make most engineers very hbppfor the mathematician only thé2

would be acceptable. 3.) There are complications involved in using a log tabldindieg the log ofx

when 0 <x < 1. Fortunately, the scientific calculator saves us from having to deal with those

complications. See Appendix D if you are curious about this matter.
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Notice the relationship bet wewnynuBbersquglshéformofg ar i
math calledscientific notation

Mul ti ply Avogadr ods numb e probably not Joa sameace, butibis an ¢
good math.)

Avogadr o0s #u mmasgofan electron
600,000,000,000,000,000,000,000 0.00000@000000000000000000000009 =
6 3 10° 3 9 3 10"%=
54 3 10'® =
543 10"

0.00000054kg

Your turn. Use your scientific calculator to evaluate the following product using the logarithmic
technique shown on the previous page. Usé thettonon your calculator to check your work.

274,246 8 0.0005461 =
10" 3 10° =

1000274246 3 1(Jog 0.0005461 (using calculator twice for log and logn)

qqloy 274246+ log0.0005461) Product of Common Base Factors Rule

bm3 bn - b(mm)
etc., use your calculator to finish and check

(Using a log table to obtain the log of a number less than one (1) involves some ideas that used to be very impoiint but wh
are all dealt with now by the bladkox code inside those marvelous scientific calculators. For a more complete discussion,
please see Appendix D.)

Evaluate using the rulg"3 b"=b™*", Use a calculator to determine necessary logs. Check your work.
1) 3,451,234 3 9,871,298,345
2.) 56,819,234,008 3 0.004881234

3.) 0.00003810842 3 0.000000089234913=

It is important to make a connection betweenRheduct of Common Base Factors Ruland a new rule
that will be called thé.og of a Product Rule

b3 p" = p(MN) Product of Common Base Factors Rulg
and log(x3 y)=logx+logy Log of a Product Rule

These rules are two different forms of the same idé. latter simply states that if two numbgsndy

are being multiplied, they can both be expressed as exponentials with a common base. Once the exponen
of the respective factors are added, the regpkixponent can be used to determine the result of the

original problem by using that exponent sum as a power (antilog or inverse) of the common base. On the
calculator, the antilog or inverse button is marketl M use symbols to avoid convoluted statesnts

like these!

a3 b= 1O(Ioga+log b)
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By Product of Common Base Factors Rulg By Log of a Product Rule
5 3 7 = X 5 3 7 = X
10009897 3 1 P84809 = log(5 3 7) = log () iff Log Rule

(m=n) iff log m=logn)
log (x) Log of a Product
log (x)

100°%% = x log5 + log7

34.99935 0.69897 + 0.84509
1.54406= log (X)

Applying the intuitive rulem = n iff 10™ = 10"
10fL54406)= 1 (o9 ®)

Finally applying the decidedly nonintuitiventilog
(Inverse) Log Ruleé  1°% = x (discussed later in
chapter 2 on the right side and a calculator on the le
side 34.99935 x (by calculator)

I
x

(Note to the reader. For all my work to fit on the page | restricted my precision to 5 decimals. Be assured that1Be use of
decmal s does result in a product of 35 as would the use

With practice, the steps shown at the right to calcul&t& §an be shortcut as follows:
To multiply two numbers add their respective logs and take the antilbg stim.
4971.263 0.2459 = antilog (log 4,971.26 + log 0.2459)

Shortly after the appearance of log tables, two English mathematicians, Edmund Gunter and William
Oughtred had the insight to mechanize the process of obtaining log and antilog values. This picture
shows a modern slide rule. The magic behind how the slide rule multiplies values is the rule

a3 b=antilog(loga+ logh).

Source: The Museum of HP Calculators http://www.hpmuseum.org

of
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Chapter 1 Summaryd From the early 1600s to the late 1990s, one ofghmain applications of
logarithms was to obtain the result of difficult or tedious multiplication problems through the
easier, less errofprone operation of addition. Using log tables, one could multiply two
numbers by adding their respective logs and takig the antilog of the sum. (Do you see how
awkward the wording of the procedure to use logarithms to multiply two numbers is? That is why
we use rules. The use of symbolic rules allows us to focus on the process and ideastwith
getting confused withwals). | n t he words of John Napier, h Ce

o]
I

5

even the very numbers themselves that are t
pl ace which perform much as t heghnNapier,Cahmon onl vy
of Loagarthmsin i Wh e n S| Rueeb pRCIiff ®tddl, Scientific American, May, 2006, pg.

83

Symbolically

a3 b=antilog (loga + log b) or a3 b=inverse log of (loga + log b)
(the antilog buttonis marked1don some cal cul atothes) and f[Ai n\

1233 4,567 = 1§°91231004%67) o 1233 4,567 = inverse log of (log 123 + log 4,567)

The Algebra | rule b™3 b" =b™*™ and the log rule

log (a® b) =loga+logb are two different forms of the
same idea. Although it is not proved they work for
both inteaer and real values.

Just in case it slipped by you, the function logo x is the inverse of the functign= 10°
and the functiony =10° is the inversef the functiony =log,,X.

1.) The functiony =log,,X is the inverse of exponential functign=10".
2.) The functiony =10 is the inverse of the log functiop=1log,,X.

There is muchmuch more on this in chapter 2! The entire chapter 2 is written
to clarify and emphasize these last two ideas!!

Log Rules thragh chapter 1

b™3 b =p™™ Product of Common Base Factors Rule
log(x® y) =logx+logy Log of a Product Rule

m=niff b™=b" iff Antilog (10*) Rule

m=niff logm=logn iff Log Rule

b’ =x is equivalent toy =log, x Equivalent Symbolism Rule




Chapter 1: Logarithms Used to Calculate Products 7
Chapter 1 Exercises

1.) Approximate logp 285,962 by bracketing it between tkoown powers of 10 as shown in

Chapter 1.

100 =

100 = 285,962

100 =

2.) Approximate logp0.000368 by bracketing it between tkmown powers of 10 as shown in

Chapter 1.

100 =

100 = 0.000368

100 =

3.) Mentally approximate using the Equivalent Symbolism RLE = X is equivalent to
y =log,,X. Check yourself using a calculator

e.g., logo2 0 0 133 h2causel(’=100< 200 < 1,000 = 16

a.) logyo 56 b.) logio 687 c.) logi043,921
d.) log;00.0219 e.) logi0.0000038 f.) logi0.00007871

(There are special case ideas associated with usilog table to find the log of a number X,
where 0 < x < 1. These ideas used to be important, but they are all dealt with by thédack
code inside those wonderful scientific calculators. See Appendix D if you are curious.)

4.) Using your calculator to ohitalog values, multiply the following numbers using the technique
a3 b=10"92*1°9b show each step as you would have had to do before calculators. Use your

calculator, however, to obtain the necessary log and antilog values. Check yasirggthe
button on your calculator.

a.) 4,526% 104,264 =
b.) 0.061538 40,126.7 =

c.) 0.015872 0.000000183218 =
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5.) The Equivalent Symbolism Rule was presented as follows:

10” = xis equivalent toy =log,,x Equivalent Symbolism Rule

In this case, the base of the exponentiation is 10. In practice, it could be any nunmieegehtrally, the
rule would look like the following:

b¥ = x is equivalent toy =log,, x

Generalized Form Equivalent Symbolism Rule

Use theGeneralizedEquivalent Symbolism Ruleto change each of the following equations into its
Aequi val ent form. o

a) y=3 f) y=logXx
b.) 5:2: g.) y=logx
g; y:7q h)) y::og7x
D) y=p I.) 8=log X
e.) g=w>? i) 9=log 11
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Chapter 2: The Inverse Log Rules

There is no escaping it é one must | earn and f
working with logarithms. These rules symbolize in abstract form very stiqatied ideas that cannot
easily be put into a few words. We have already seen, discussed, and applied several. They are reviewed
here along with a new one, tlitLog Rule (if and only if Log Rule)

Log Rules throgh chapter 1

b™3 p" =p ™™ Product of Common Base Factors Rule
log(x3 y) =logx+logy Log of a Product Rule

m=niff b" =b" iff Antilog Rule

m=niff logm=logn iff Log Rule

b’ = x is equivalent toy =log, x Equivalent Symbolism Rule

Two more rules, | call the Inverse Log Rules, areqanged in most textbooks with only very terse
explanation or clarification:

1.) log,b* =xand Inverse Log Rule #1(Log of an Exponential Rule)
2) bo%*=yx Inverse Log Rule #2(Power of a Base Rule)

There are several ideas that build to an understanding oflthesse Log Ruleg-or those readers
who already know all this material, please skip ahead. | am not wiiimgiaterial for you.

Idea #1: A function refers to two sets, called domain and range, together with a rule that matches each
member of the domain to exactly one member of the rdngeDo mai nd r efxer s t o

values while fArarngaes)refers to all owabl e
Rule
y=1x+1
y=3x+1 '
X y
(domain)| (range)
2 i5
1 12
0 1 —t+—4 ———+——
1 4 -5 4 -3 - i 4 5 8 T 8
2 7
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Idea #2: An inverse function, if it exists, of a given function can be found by exchanginggihey
variables in the given function. Fge= 3x + 1, we gek = 3y + 1. We then traitlonally solve this
new equation foy é y= (x1 1)/3. There is an interesting geometric relationship between the
graph oftheorigipl f uncti on ainwrsetfunaiongBoth graphs aré symnebic
around the ling/ = x. If you fold the grap along the ling/ = x the graph of both functions fall
upon each other.

e.g., Original function y = 3x+1 el =3t
Inverse function x = 3y+1
or XT1=3y T / y=x
or 3y =xil T/
or y = (x1 1)/3 T (D)
2otef ¥=73
X y 14 T
(domain of (range of inverse T ;ff#; TR R
inverse function) function) SA3 2l 12343673
5 o /5
i2 il ! 3
1 0 /
4 1 b
7 2

Placingthe tableox(y) v al ues for t hye3erilgiénali deumgyt isoneé w

x,y) values of th gzz%%weenotiseahatfthﬁ andytvaluesof eéch pair have been

exchangd.
Original function Inverse function
x-1
=3X+1 =—
y y 3
X y X y
(domain)| (range) (domain) (range)

i2 i5 U comparey 5 i2
i1l 2 U compare/ i2 i1
0 1 U compare/ 1 0
1 4 U compare/ 4 1
2 7 U compar&/ 7 2

This should not be surprising.h& inverse function was formed by exchangingthed they in the
original function. This is what causes tin® graphs to be symmetric aroutie liney = x.
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Idea #3The exponential equation= b* is a function.

st ;
e.g.y= e (baseb > 1) é:r j I T
X Y 3 .'"r:
i2 7 4 l-I.-"-
.I. 1 Yo 3 i
0 1 2 ;’j
1 2 -l.'_“__.d'
2 4 =+
3 8 - | 1 A 3 1

Idea # 4Exchanging thex andy values in the exponential equatipr b* results in its inversg = b’. For
graphing purposes, we traditionally solve equationy.fdfou entergraphing mode by pressing
t he= A0 buttom,spegiht P tYhe graph yow feant gr a
that results, right? We solve fgiusing techniques taught in Algebra I: 1.) the
Addition/Subtraction Property of Equality, 2.) the Multiplication/Division Properties of
Equality, 3.) acombination of the Addition/Subtraction Properties of Equality with the
Multiplication/Division Properties of Equality, 4.) raising both sides of an equation to a power,
and 5.) taking the root of both sides of an equation.

6.) How do we sale fory in the equatiox = b’? The techniques that we learned to solveyfior

Al gebra | all f ai yo twh esnolivte iasn aenq ueaxtpi oonne nfto.r
(Sub. Prop. Of Eg (Div Prop. of EQ) (Sub. & Div. Prop. Of Eq)
1) X=y+2 2) x+2=3y 3) X=3y+2
X12=y+2i2 X+2 _ 3y X1 2 =3y
Xi2=y 3 3 Xx-2 _ 3y
y = X1 2 OX+2 3 3
y = -2
3 _ X
y = 3
(Square both sidgs (Take the sqg. root both sides (How to solve for )
4) xil= .y 5.) V= xi 5 6.) x = b
y — ??7?
(i 27 = (Vy)* () = +/(x-5) -
y:(X|l) y == (x_5)

This problem of solving foy in equation #6 above is overcome by what is essentially a definition.
iyo is defined t o bpwhichréseltsie xdesdredeatud.(Hentexal’ib a s e
equivalent toy = log, x. In this bak, this is known a¥he Equivalent Symbolism Rule.

b’ = x is equivalent ty = log, x Equivalent Symbolism Rule

When you graph’ = x (ak.a. y = log, X) you are basically graphirgf = y but with all the ordered
pairs exchanged.
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The graph at the right below shows the graphs of two funétigns 2 and its invers, x = 28 both
plotted on the samé y axis. Again notice that folding the graph along the Jimex causes the two
inverse functions to match up with each other. The two functions are symmetric around yiveXine
Notice the domain and rangey#f 2 and notice that the domain and range restrictions have been
exchanged fox = 2’ (ak.a. y=log X)

=

-

y=2(baseb>1) x=2ory=logx (base > 1)

L]
X Yy X Y i
P2 T 1 P2 F .
i1 1/2 1/2 i1 . ¥
) : : 0 o el el i 0
wirain: all re r LR §
% 42]_ i ; range: = 01 L : ; raiyze: all realy
3 8 8 3 RN

Think of the graph b’ = x (a.k.a. y = logy, X) as graphingb” =y but with all the ordered pairs
exchanged

Ideas #3 and #4 for base < 1

Y 3+ P .
= ; .."'-\. 1 ald/
) = s, 1 X= 0
domam: all real % I c2+
o y=a0 ay =log, x¢
_ G ¢ 2 °
) I t i . | S
43 1 - i 2 3 4 & & 71 _X y X Y
1 12 4 4 12
. } [ 2 2 1
- ;- 5-::-_@;;.
at . ey 0 1 le. 0
d o 1 A i 1
HTAE: X Y
-3 renge: afl real 2 b 2

Think of the graph b’ = x (a.k.a. y = log, X) as graphingb* =y but with all the ordered pairs
exchanged

Repeating for emphasis:
1.) For the graph y = I3, the domain is all red numbers and the range is positive
2.) For the graph x=b’ (a.k.a. y = lay, ), the domain is positive

and the range is all real numbers.
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Idea #5 As we are discussing restrictions on the domain and range for theeexigdand log functions,
this would be a good time to discuss the restrictions®n n a nbe D. What would it mean
to have a functiog=b*withb< 0? Let 0s ye {3 eRedalhteanraising aonegative
number to an even power resultsipositive value whereas a negative number raised to an odd
power results in a negative result.

j__
y=( 2)X 44 &

« Y 34 b = ['3':["'
12 g i:: x5 an integer
' % 7 IE——

(1) ; 2 A |1 2 3 4

|
2 4 1 S
3 18

Is this function continuous? How do you connect these points? The chart above only &frows
seleted integer values. The domain for b*is all real. What if we had fractions and decimals and
irrational numbers foxin the chartokiyval ues? Let ds try an experi men

Enter { 2)®?or (i 2)*® or (i 2) into your calculator. Be sure to place parenthesis about MeThe
TI-83 Plus gives ERR: NeReal Answer. Now since the log functipiF log; 2 X is the inverse function
of y = (i 2), what does all this discussion mean for our log function? Maykshwmeld just avoid the
whole situation by requiring our basg to be nonnegative. Whathf= 0? e.g.y = 0°? Well, you can
actually raise 0 to positive powers bdti®not defined and for negative powers,91/(0") = 1/ 0, you
get division by zert So clearlyb must be positive in the two functiogs: b* andy = log, x.

What aboub = 1?b must be positive and we have seen grapl x=1
for bothy = b* with 0 <b < 1 andy = b*for b > 1. What would the T
graphs ofy = 1* and its inversg = log; (x) look like?y = 1* would
actually be OKalthough it would be written more simply gs 1,

the special case horizontal line. for 1* exchangex and y t

resulting inx = 1 (ak.a. y = log, X) or more simplyx = 1. Notice s T —
thatx = 1 is a vertical line and thefore not a function. A function 2 -1 203 4
cannot have more than opealue for any giverx value. Obviously 1T

y = log; (X) fails the vertical line test and cannot be a function. S 4

Conclusion: Fory=b*,b>0. Fory=log, x,b>0andbi 1.
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expon

One last thing!The equatiory = b*for b< 0 is 4 / -
not allowed, but that is not the same thing as 3 I:" ¥=a
y=T1(b") forb> 0.y =1 (b") is a reflection ofy = b* s
about thex axis and is allowed. There will be more Lk
on this in chapter 9. Stay tuned. o L |

ooy (RO EROR B T 't
6 -4 g -3 -a- 1-_?’& i A TR |
I BN
T Hx, {-\.'}
- L yEATY
4 "x\

Led 6review: I dea #4 €é the domain for the
exponential functionig> 0 €& t he domai n xB0,the rargeforthelgg funationést i o n
al | real €. ldea #5 € t mgalfincienesb > Ogtigelbase requieement for o r
the log functioni®>0,bl 1. These i deas are all i mportant,
to summarize and review them.

Function | Domain | Range | Base b)
y=Db* iD x< b y>0 b>0
y=log, (X) x>0 b yw b b>0,bl
(x =Db)
\ T .I"Ij'le = 2 5+  Forbath fundtions

#

;
/ fior both fanctions

A clomain: wll real

RS (1]

domein; x = { e

| rge; Wireal

3_-| '---.i- e -
.4 f.’_.-'f.r 1:- I'-'g:-\.l
I+ 5 /

i S I I

1 - T T

- 4 I|'Il§ x\\ z 3 4

. i .,
fro o III ., _j' == 1.;-'2.}1

The fact thab > O for both the exponential and the log functions gives us another way to understand

the domain and range restrictions on both those functiony.$bf, we see a positive numbe(b > 0,
remember?) raised to a power. Since exponentiation is repeat@glicaiion and the set of positive

numbers is closed under multiplicatidri,must be positive. Therefore, the rangedlues) of the

exponential function is positive. Fgi= log, (X) the base is also a positive numbtee, 0,b |

1.

thatb’ = x means that a positive number is repeatedly multiplidal s00. Therefore, the domaim (
values) of the functiog = log, X must be positive.

t f ol
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Idea #6: Composition of functions occurs when the result of one function is usegduigo another.

e.g. fx)=2x+1 g(x) =Xi 1
x | f) | 9(fx) | 9(x) | f(9(x)
11 4 4 7
0 1 2 [ il
1 3 8 2 5
| |
Compare
a(f(x) ) f(ax))
Idea #7:The order of composition of functions is important. 1 ;_j-" Y
g(f(x)) might not egal f(g(x)). 3 ,-*II,
In the chart above compareg(f(x)) with f(g(x)). b
] = i+ l;h J
Also notice in the graph at right that the graphs of : ,} I 1, A A R R
9(f(x)) andf(g(x)) do not match up when folded acro: s -4 3 -z £ |/ 1 2 3 & 3 &
the liney = x. £ y=3e-1
+3
P
ldea #8: Sometimes the graphs f§k) andg(x) do match fy=3g+ 1
up when foldd across the ling = x. b
1 i-- [ } =5 s
- J
fxg=3x+1 99 =5 st/ (1)
x | f) | 9(f(x) | 9a(x) | f(9(x)) v f;?-- A
T1]| 72 il T il 1 e
of] 1| o ik | 0 i Nl T
11 a 1 0 1 R -_-_:-;_-.Il' 1 2 2 4 5 8 7 8
| | | "
Compare 2
X =g(f(x)) = f(9(x)) /-

Inverse functions are symmetricttvithe liney = x and composition of inverse functions will result in
x regardless of the order of composition. That isf(gx)) = g(f(x))
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Idea #9: The exponential function and the log function are inverse functions of eachyothgr.is an

exponet i al f xi=bctthieo n néke.rys leg, X logarithmic form of the inverse
3 ] y
-1 :,' -1:- = '!r_;-
sl el
5 'b: = 'E
4 e
3 ~ y=log,x
2+ S b1
=" ’ rd
— l
1 A 1
| 12 3 4
Let f(x) = b* exponential function

andg(x) = log,x inverse ofb*in log form

Thenf(g(x)) = X (because they are inverse functions)  andg(f(X)) = X (because theyra inverse functions)
f(logs X) =x g(b") =x
log, x
b P =x Inverse Log Rule #2 log, b*=x  Inverse Log Rule #1
(Power of a Base Rule) (Log of an Exponential Rule)

Restating the Inverse Log Rules together, we get

log, b* = x Inverse Log Rule #1 (Log of an Exponential Rule)

Iogb X

and b X Inverse Log Rule #2 (Power of a Base Rule)

These rules pop up in tmeost unexpected situations. For example, refer back to the last few lines of
chapter 1.

5 8 7 =X

log(5 3 7) = log (x) iff Log Rule, m=nifflog m=logn
logs + log7 = log (X) Log of a Product
0.69897 + 0.84509= log (x) by calculator
1.54406 = log (X)
Applying the intuitive rulem = n iff 10™ = 10" (equivalent to saying if 3 = 3 then8 10°)
1(f154406804) — 109 ®
Bk And the decidedly nonintuitivewverse Log Rule #26 179 = x #xx

34.99935 = X (using a calculator for 1G*°°8%
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Following is an example of applyirigverse Log Rule #1]ogy b* = x
10° = 35

logi010° = 10g1p35 Taking the log of both side#f Log Rule € m =niff logiom = logipn
X = logip35 Inverse Log Rule #1 (Log of an Exponential Rule)
X = 1.54406 by calculatorck: 10->**%= 34.99935)

You should be aware that many textbooks and teachers will shortcut the previous work because they
expect that you have fully internalized the log rules and are prepared for shortcuts.

Compare the two followip approaches to solve 16 35:

As presented here As frequently presented
1) 10¢ = 35 1) 10¢= 35
2.) 10g1010° = logip35 2) x = log;p35
3) X = logi035 3) x = 154406

4) X 1.54406 (ck: 10+°*%=34.99935171)

The prollem 10 = 35 is actually a bit contrived. The solutions shown immediately above would not
be applicable if the problem had beeri235 or *=1 71 0 0 & o 24563¢fc.

23 = 35

|Oglo 23 |Oglo 35

?2?7?7?

Here we can go no further as the Log of a Pde, log b* = x, cannot be applied to the situation
logi0 23°. The base of the log must be the same as the baselofdlpd U me n t f OQbX:Xd”I e r
to work.In a later chapter, we will learn Wwato solve for an exponent an equatia where this
requirements no longer necessary in order to solve for an unknown exp@gnt23‘ = 35 ).That is
called solving for a fAgener al case | ogarithm.o

Often when learning new rules, concepts, and ideas it is helpful to look at them in diifaysntor
example, on previous pages the two inverse log rules were gbdwaitd by function composition:
f(g(x)) = xandg(f(x)) = x. Here is another way to look at those same two rules.

I X = X
b = b iff Antilog Rule m=niff b™=Db"
b = vy arbitrary substitution, ley = b*, you will see why in two more steps
X = logyy Equivalent Symbolism Ruleb’ = x is equivalent to = log, x
X = logyb* back substituting = b* results ininverse Log Rule #1

The Log of an Exponential Rule
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[l X = X
logy X = logy X iff Log Rule Take the log of both sides. This is like saying
100 = 100 iff log 100 = log 100 (2 = 2)
logpx = vy arbitrary substitution, let = log, X, you will see why in two more steps
P = x Equivalent Symbolism Rule10’ = x is equivalenta y = log;o X
Finally b°%* = x back substituting = log, x results ininverse Log Rule #2
The Power of a Base Rule
All the rules learned to this point are gathered together and listed below for refer
b™3 b = ™" Product of Common Base Factors Rule
log(x3 y) =logx+logy Log of a Product Rule
m=niff b" =b" iff Antilog Rule
m=niff logm=logn iff Log Rule
b’ = x is equivalent toy =log, X Equivalent Symbolism Rule
logy b* = x Inverse Log Rule #1(Log of an Exponential Rule)
Iogb X
b =X Inverse Log Rule #2(Power of a Base Rule)

Chapter 2 Summaryd People who write mathematics books have worked extensively over the years
with logarithms and they tend to forget that there are people who do not have their
background and familiarity with logarithms. The result is that they will omit steps in their
explanations becaus@®E dxiee cttiermpg wtaltse fAroebasd eoru st o
done. This is paticularly the case with the two iff Log rules and the two Inverse Log rules.

m=niff b" =" iff Antilog Rule
4=4iff 10'= 10

m=nifflogm=1logn iff Log Rule
3=3ifflog 3=1og 3

log, b =x and Inverse Log Rule #1 (Log of an Exponendl Rule)

Iogbx
b =X Inverse Log Rule #2 (Power of a Base Rule)

These latter two rules hold true because they are inverses of each other and hence, by the
definition of inverse functions,f(g(x)) = g(f(x)) = x.

When reading passages talkingl@out logarithms, one must constantly be on guard for
applications of one of these fAstealtho I nvers
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Chapter 2 Exercises

1.) Giveny=2x+ 5. Fill in the following chart and graph.

y=2X+5
X y
12
T1
0
1

2.) Exchange the andy variables in the equation= 2x + 5 and solve foy. Use the values gfin
the previous chart as yoxwvalues in the chart below, complete the chart.

X=2y+5
X y

3.) Graph the riations for #1 and #2 above on the safivaxis. What do you notice?

4.) Givenr(x) ands(x) as inverse functions, complete the following statement.

r(s(x)) =

and

(r(x)) =

5.) Iftwo functionsf(x) andg(x) are inverse functions théfg(x)) =g(f(x)). Isths an Ai f f o (
only 1 f) r elf@k)=afxp,areftKeandg(x) mverseifuncétions? Do their graphs
reflect about the ling =x? 0

Hint:  a.) Try withf(x) = 3xandg(x) = 3.
b.) Try withf(x) = 2x andg(x) = 3x
c.) Try withf(x) = > andg(x) = x°.
6.) State the twonverse Log Rulesfrom memory.
7.) Givenp = g state theff Antilog Rule.
8.) Givenp = g state theff Log Rule.

9.) Convert each of the following using tBguivalent Symbolism Rule
a)x=(5) b.)y=logiz 7

10.) Use a s@ntific calculator to find the log of a number x, x > 1. Use the result as a power of
10. Repeat this activity a few times. What are you demonstrating?
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Chapter 3: Logarithms Used to Calculate Quotients

For hundreds of years scientistglanathematicians did their calculations using the standard approach
currently taught in elementary school.

361 53.11 7 et
3 25 17[903.0 0 0
1805 85
722 5 3
9025 51

2 0
17
30
17
13 0
11 9
1 1 etc

The log tables and log rules that were so helpful in finding products can also be applied to quotients.

Logarithms Used to Find Quotients

For years, mathematicians had noticed a certain pattern held for sequences of exponentials with fixed
bases.

For example:

Exponentiag 20 28 22 22 2* 2> 26 ot 2 0 WO
Exponen O 1 2 3 4 5 6 7 8 9 10
Valuel 1 2 4 8 16 32 64 128 256 512 1024
Noticethat 32 / 8 =
2> 1 2 = 4
or 22 ] 22 = 2

or

Exponentia 3 3 ¥ ¥ F 3P 3P 3 3F

Exponen 0 1 3 4 5 6 7 8
Value 1 3 27 81 243 729 2187 6561
Notice that 2,187/ 27 = 81
3/ 3 =81
or 3/ 3 =3
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22
34

2 | 2B
3 3

From before
and now

By induction, we move from the specific to the general c%e; p(m )

Anotherwaytd hi nk of this rule is to apply the defini
m times

Definition of exponentiation: = b * b * b * btines itselfmtimes) * b
For example:  b® / b® =

B IbE bl 3 h3 h3 h3

bP P f b ‘b ‘b b b = (definition of exponentiation)

f P
b3 b3 b3 b3 b = b°
b”

By transitiveb®/b*=b° or = b'™ "™ Quotient of Common Bases Rule

bn
Although it is not proved this rule holds true
forallmé&n.

When monomials with the same
base are divided, one can obtain the result by subtracting the respective expgdapier (and later

Briggs) saw from this pattern the possibility of converting a complicated, difficult division problem into
an easier, far less errprone, subtraction problem. For example:

4,971.26 |/ 0.2459 =
10" / 100 =1d™"
Where 3 < m < 4 and 11 < n < O
Because 10 = 10,000 and 10° = 1
10" = 4,971.26 and 10" = 0.2459
10° = 1,000 and 10'= %p=0.1
This approach follows immediatefsom b o) _
the pattern noted before o Quotient of Common Bases Rule

From previous discussion and from Appendix A, we know that frorbla t logarithms (or today from
a calculator) we can find the following information.

Logarithm Exponent Form Number
0 10° 1 (logwo1 =0)
0.30568 10%-30°68 2.022 (l09102.022 = 0.30568)
0.39076 10039076 2.459 (logo 2.459 = 0.39076)
0.69644 100944 4.971 (10g104.971 = 0.69644)
1 10" 10 (logio10 =1)
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Thus the problem originally posed

4971.26
0.2459

4.97126 10°
2.4592 10"V

696444
1%300290763 1%)(?31) = (from the table on the previous page)

103.69644 ( )
= m3 | — p(Mm+n
1080974 Product of Common Bases Rulep™3 b" =b

m

. . b
103696441 (10.60924)) Quotient of Common Bases Rule,b—n =pmm

104.30568 —
10¢3 10°3%%68 = 20,220 (10™%%%=2.022 from the table on the previpage)

By calculator 4,971.26 / 0.2459 = 20,216.59211 which approximates the answer obtained using Mr.
Briggsdé |l ogarithm technique. As stated before i
decimal places, which would have made our wgrdatly more accurate had we used his raw data.

2.) Scientists and engineers are usually happy
enough for the work they are doitgysucceedThe number 1.414213562 would make most engineers

very happy, but for the mathematician om@ would be acceptable. 3.) There are spetiee
complications when using a log table to obtain the log of a number between 0 and 1. These issues are
dealt with by the blackox code inside sentific calculators. (See Appendix D.)

Once again, notice the relationship between Bt
scientific notation.

Divide Avogadrobs number by the mass ofgoodn el ¢
math.)
Avogadr o6s nu miasgofan electron

600,000,000,000,000,000,000,000 0.0000000000000000000000000000009
(6 3 10%) [/ (9 3®10"M) =
% 3 10" =
0.6673 10°* =6.6673 10°kg'*
Your turn. Use your scienid calculator to evaluate the following product using the logarithmic
technique shown on the previous page. Usé thetton on your calculator to check your work.
274,246 | 0.0005461
10" / 10" =

1000 274246y o9 00005461 (using calculator twie for logm and logn)

m

i} , b .
qflog 274246 T log 0.0005461) Quotient of Common Bases Rule,b—n =p(mm

etc., use your calculator to finish and check
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Do the same for the following problems using the FE:J:e: b™ ™. Use your calcutar to obtain values
mandnand 16™ ". Check yourself using the A/ 06 operat
1.) 3,451,234 |/ 9,871,298,345 =

2.) 56,819,234,008  0.004881234 =

3) 0.00003810842 0.000000089234913-

It is important to notice that the two foutas,

E—n = Quotient of Common Bases Rule
ax0 .
and logee-p=logx - logy Log of a Quotient Rule,
¢y~

are two different forms of the same idea. The latter simply states that if two nuoamnelg are being
divided they can both be expressed as exponentials with a common base. Oncertbetsxyh the
respective numbemre subtracted the resultiegponent can be used to determine the quotient of the
original problem by using that exponent difference as a power (antilog) of the commonhigase.
convoluted wording is a classic example of why we use symbols in math to communicate ideas.

% =antilog(loga- logb)
E — 1O(Ioga- logb)
b
Ebl: inverseog(loga- logb) These rules apply to both integers and reals.
The example from chapter 1 is recycled here to demonstrate this: 5/7
By Quotient of Common Base Factors Rul¢ By Log of a Quotient Rule
5 _ 5 _
= =X = =X
7 7
100.69897 5 _ .
1 =X Iog; = log (x) iff Log Rule
(m=n) iff log m=logn)
101 0-14613) = log 57 log 7 = log (x) Log of a Product
0.7142824907= x 0.69897 0.84509= log (x)

10.14613= log (X)
Applying the intuitive rulem = n iff 10™ = 10"
10(]'0.14613) — 1dog X)
And the decidedly nonintuitivAntilog Log Rule
0.7142824907= x (by calculator)
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With practice the steps shown above to calculdt& &an be shortcut as follows:

g: antilog (log 5 log 7) org =105 Ne i nverseilog®g (1l og 5

= antilog (loga i log b) or %: pgleeatlogbl e nyer sailoghg (1 og

olo

To divide two numbers subtract their respective logs and take the antilog of the difference.

As stated in chapter 1, the development of the slide rule mechanized the process of obtaining logs and
antilogs. The magic béld how the slide rule divides values is the raileb = antilog (logai log b).

Source: The Museum of HP Calculators http://www.hpmuseum.org

Chapter 3 Summaryd From the early 1600s to the late 1990s, one of the main applications of
logarithms was to dtain the result of difficult division problems through the easier, less error
prone operation of subtraction. To divide two numbers, subtract their respective logs and take
the antilog (10) of the difference. | n t he words of JobmtheMarpi er , i

I tself even the very numbers themselves that
their place which perform much as they can do
RulesRuledd, by Cliff Stoll , O®cpg.80ti fic American,

m

The Algebra | Rule, % =b™" and the log rule,

, are two different forms of the same idea.

These rules apply to both integer and real numbers.

% = 1flo9a- logb) =inversdog(loga- logb)

a . a
— =antilog(loga - logb —
b g(loga- logb) b

Chapter 3 Exercises

1.) Using your calculator to obtain log values, divide the following numbers usiriguieeto
Divide Using Logarithms, % =109 °%®) Check yourself using the / operator on your

calculator.
a) 676 b) 0.00000067€ c) 6.76
/94283 ' 94.283 7 0.94283

For each quotient above what do you notice about the pattern of significant digits. Explain.



